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Abstract

Computer Science today has many examples of logics given by proof systems.
Although one intuitively knows how to use these systems and recognise correct
derivations, there is no definitive account which captures this intuition. It is
therefore natural to seek a framework for representing logics, which unifies the
structure common to all logical systems. We introdice such a framework, called
ELF* and based on the Edinburgh Logical Framework (ELF). The major advan-
tage of ELF™ is that it allows us to give precise definitions of representation. Such
definitions are not possible with ELF since information is lost during encoding;
the adequacy theorems of ELF representations are only applicable to particular
encodings and cannot be generalised. We rectify this deficiency using the extra
distinctions between terms provided by the universes of a pure type system which
yields a simple presentation of the type theory of ELF*. To do this, we extend

these type systems to include signatures and (G7-equivalence.

Using t‘he ideas underlying representation in ELF*, we give a standard presen-
tation of the logics under consideration, based on Martin-Lof’s notion of judge-
ments and Aczel’s work on Frege structures. This presentation forms a reference
point from which to investigate representations in ELFY; it is not itself a frame-
work since we do not specify a logic using a finite amount of information. Logics
which do not fit this pattern are particularly interesting as they are more difficult,

if not impossible, to encode.

The syntactic definitions of representations have an elegant algebraic formu-
lation which utilises the abstract view of logics as consequence relations. The
properties of the ELF" entailment relation determine the behaviour of the vari-
ables and consequence relations of the logics under consideration. Encodings must
preserve this common structure. This motivates the presentation of the logics and
their corresponding type theories as strict indexed categories (or split fibrations)
so that encodings give rise to indexed functors. The syntactic notions of represen-

tation now have a simple formulation as indexed isomorphisms.
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Chapter 1

Introduction

A wide variety of logical systems are used in Computer Science today. Although
dne intuitively knows how to use these systems and recognise correct derivations,
there is no definitive account which captures this intuition. It is therefore natural
to seek a framework for representing logics which unifies the structure common to
all logical systems. The framework must explain the notions central to these logics
such as binding, discharge of assumptions and context sensitive side-conditions.
Moreover, it should be easy to translate a logic to this unified setting and to
recognise when this translation results in a representation of the logic. As well as
providing insights into the important theoretical question of what a logic is, these
goals have an immediate application in the provision of computer-assisted tools

for reasoning with various logics.

Type theories have emerged as leading candidates for frameworks. In this
thesis we introduce such a type theory for representing logics, called ELF" and
based on the Edinburgh Logical Framework (ELF). The major advantage of ELF*
is that it allows us to give precise definitions of representation. Such definitions
are not possible with ELF since information is lost during encoding; the adequacy
theorems of ELF representations are only applicable to particular encodings and

cannot be generalised.
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Type theories and logics

Type theories and minimal intuitionistic logics are connected by the well-known
propositions-as-types principle, sometimes called the Curry-Howard correspon-
dence [CF58] [How80]. With this interpretation a proposition is viewed as a type
whose inhabitants correspond to proofs of this proposition. The idea was devel-
oped further by de Bruijn [dB70] and Martin-L6f [Mar80], who associated the
IT-abstraction of dependent type theories with universal quantification. A com-
prehensive account of these ideas can be found in [Bar90], which presents various

intuitionistic minimal logics as pure type systems [Ber90] [Ter89].

A different interpretation of logics in type theory involves the judgements-
as-types principle, advocated in the work on the Edinburgh Logical framework
(ELF) [HHPS89). It is inspired by Martin-Léf’s emphasis of formal systems as cal-
culi for constructing derivations of basic judgements [Mar85]. These judgements
are the formulae in first-order logic and the terms Aset, A = B, a € A and
a € A = B in Martin-Lof’s type theory. Rules are expressed using two higher-
order forms. If J and K are basic judgements, then the hypothetical judgement
J — K expresses a form of consequence, that K is provable under the assumption
J, and the general judgement —, J expresses the fact that J is provable uni-
formly in variable z. The judgements-as-types principle asserts that judgements
are identified with types whose objects correspond to derivations in the logic, with
the Il-abstraction being used to represent the higher-order forms. Certain type
theories are, thus, candidates for providing a general metatheory for various logics

defined using proof systems.

The Edinburgh Logical Framework

We give a brief outline of representation in the Edinburgh Logical Framework to
illustrate the problems which arise when using this framework. The Edinburgh
Logical Framework (ELF) of Harper, Honsell and Plotkin [HHP89] is a type theory,
closely related to several of the AUTOMATH languages [dB80]. It is based on a
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A-calculus with first-order dependent types with three levels of terms: objects,
types (which classify the objects) and kinds (which classify families of types).
Terms are identified up to #7n-equivalence; all matters relating to representations
of logics are treated up to this equality. The specification of a logic is given by a
signature, declaring a finite list of constants; ELF together with this signature
forms the representing type theory of the logic. The method of finding such
representations is informal and so each signature is accompanied by an adequacy

theorem to show that we do indeed have a representation.

The treatment of the syntax in ELF is inspired by Church [Chu40] and Martin-
Lof’s theory of arities [NPS90]; binding operators are represented using the
A-abstraction of ELF and higher-order operators. For example, the signature of
first-order logic with arithmetic, denoted by Xy, consists of two constant types
¢ and o whose inhabitants correspond to the arithmetic expressions and formulae
respectively. We have constants +: ¢ — (¢ — ¢) and V: (¢ = 0) — o for addition
and universal quantification respectively. For ELF terms ¢ and u corresponding
to arithmetic expressions, the term +(¢)(u) represents their sum, and, for an ELF
term ¢ corresponding to a formula, the term V(Az:t.¢) represents the universal

quantification.

As has already been mentioned, our representation of the rules of inference
focuses on the notion of judgement stressed by Martin-Lof [Mar85]. Logics are
represented in ELF by introducing the judgements-as-types principle mentioned
earlier. The basic judgements of first-order logic are that propositions (expressed
by formulae) are true, sometimes written as ¢ true to distinguish the concept of
a formula being well-formed from that of it being true. These are represented by
types of the form true(¢'), where the constant true inhabits the appropriate kind
and the object ¢’ is in 0. The inhabitants of true(¢') are identified with the proofs
of the formula denoted by ¢'. The structure of the ELF type system allows for the
uniform treatment of higher-order judgements as II-abstractions so that rules can
be represented by constants of the appropriate type. For example, the implication

introduction rule of first-order logic is given by

DI :11g, 9 : o.(true(d) — true(y)) — true(¢ D ).

Accompanying each ELF signature specifying a logic is an adequacy theorem
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to provide some confirmation that the resulting type theory is a representation of
the logic. It gives a correspondence, called an encoding, between the syntax and
basic judgements (and, for a stronger result, the proofs) of the logic and certain
ELF terms such that the consequence relation of the logic and the corresponding
part of the ELF entailment relation coincide. For example, the adequacy theo-
rem accompanying the representation of first-order logic with arithmetic provides
bijections ex and 6y between the arithmetic expressions and formulae with free
variables in X and the fn-equivalence classes of objects in ¢ and o respectively
such that, for formulae ¢,,...,¢,,,¢ and a set of variables X = {z,,...,z,}, we

have

B1y- -+ Pm Fy ¢ if and only if
T, ..., Ty 1L, Dyt true(x(dy)),. .., Pt true(8x(d,)) l—gﬁj p: true(bx(¢))

where p,, ..., p,, are distinct ELF variables corresponding to proofs of assumptions

é1,..., P, and the ELF term p in true(6x(¢)) denotes some proof of ¢.

Limitations with ELF

ELF represents an important advance in the study of formal systems. However,
there are problems with using this type theory as a framework, as is illustrated
by the simple encoding of first-order logic outlined above. The adequacy theorem
for first-order logic only applies to this particular representation, since it refers to
specific constants ¢, 0 and true declared in £z,. It cannot be stated generally as
information is lost in the encoding owing to the types being used for many pur-
poses. The terms ¢, o and true(¢) for ¢ : o are all types, so we cannot distinguish
which objects correspond to arithmetic expressions, formulae and proofs without
appealing to the particular types they inhabit. The machinery of ELF also gives
rise to types which are meaningless from a first-order logic perspective: for ex-
ample, the type Ilz:0... Extra types, having no general correspondence with the
underlying logic, also arise from less direct encodings; in some cases, this results in
logics with different consequence fela,tions being specified by the same signature,
which is clearly undesirable. In this thesis we introduce a new framework, which
allows us to make such distinctions without reference to specific types and to give

a precise definition of representations in the type theory.
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The new framework ELF™

We define a new framework, called ELF* and based on ELF, which retains the |
information lost in the ELF encodings, and so allows for a generalisation of the
adequacy theorems of ELF to apply to all signatures specifying logics. This gener-
alisation yields equivalences between logics and their representing type theories. A
problem with ELF is that there is not enough distinction between the ELF types
to determine, in advance, the part of the entailment relation which corresponds to
the consequence relation of the logic, without appealing to the particular encod-
ing under consideration. This distinction is achieved in the new framework ELF*
by splitting the ELF types into three: sorts, types and judgements. The method
of representation in the new framework does not differ greatly from that of ELF. |
The difference becomes apparent in the analysis of the resulting type theories. The
interpretation of the consequence relation of the logic in the entailment relation
of the representing type theory is defined as a correspondence between the basic
judgements and the ELF" judgements, and between the terms of the logic and
the inhabitants of ELFT sorts, such that the entailment relation gives a sound
representation of the consequence relation; such a correspondence is called an en-
coding. An encoding is adequate when the correspondence provides an equivalence
between the logic and the part of the entailment relaﬁon determined by the sorts
and judgements. A natural encoding requires a stronger link between proofs and

inhabitants of judgements.

The syntactic definitions of representations have an elegant algebraic formu-
lation which utilises the abstract view of logics as consequence relations. The
properties of the ELF" entailment relation determine the behaviour of the vari-
ables and consequence relations of the logics under consideration. Encodings must
preserve this common structure. This motivates the presentation of the logics and
their corresponding type theories as strict indexed categories (or split fibrations)
so that encodings give rise to indexed functors. More specifically, a logic, with
a consequence relation satisfying certain properties, provides an indexed category
whose base presents the terms and whose fibres are defined by the consequence

relation. This approach uses ideas from the area of categorical logic (initiated



Introduction

by Lawvere [Law70]) applied in general to a wide class of logics, rather than to
particular logics. Using ELF", we are also able to present the representing type
theory as an indexed category with the sorts providing the base category and the
judgements the fibres. Adequate encoding corresponds to indexed isomorphisms.
By adapting both indexed éategories to incorporate the extra information regard-
ing the proofs and the inhabitants of judgements, natural encodings also yield
isomorphisms between indexed categories. As well as giving a simple algebraic
formulation of encodings, this approach provides us with the beginnings of an

algebraic framework for logics.

Not all logics can be represented in ELF™ (or in ELF). There are various reasons
for this: different behaviours of the logic variables, the consequence relation having
properties incompatible with those of the entailment relation, rules with ‘awkward’
sidé-conditions. Using the ideas underlying representations in ELFT, we give a
standard presentation of logics defined using formal systems, based on Martin-
Lof’s notion of judgements [Mar85] and Aczel’s work on Frege structures [Acz80].
This presentation forms a reference point from which to investigate representations
in ELF*; it is not itself a framework since we do not specify a logic -using a
finite amount of information. Logics which do not fit this pattern are particularly

- interesting as they are more difficult, if not impossible, to encode.

The distinction between terms required by the new framework exploits, and
was partially inspired by, the techniques of Beradi and Terlouw in extending
Barendregt’s A-cube [Bar90] to pure type systems (PTSs) [Ber90] [Ter89]. Both
ELF and ELF" are presented as PTSs, adapted to allow for signatures and
Bn-equality, to emphasise the link between the two type theories and provide
results for ELF* via those for ELF. We use Salvesen’s method [Sal89] of incorpo-
rating 7 in ELF to extend the 3-equivalence of PTSs. To prove the decidability of
ELF", which is essential for the reduction of proof-checking to type-checking, the
Church-Rosser property (CR) for 3n-equivalence is required. This is not known
for general PTSs and involves a lengthy and subtle proof for ELF [Sal89]. We
prove CR for ELF* from the corresponding results for ELF and the untyped
A-calculus, thus avoiding the technical details required in Salvesen’s proof [Sal89].

In recent unpublished work [Sal91], Salvesen extends her ideas to include a wide
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class of PTSs'. Her results include the Church-Rosser property, subject reduction
and imply the decidability of ELF™.

This thesis introduces and develops the new framework ELF? in chapters 4, 5
and 6, which form the main part of the thesis. An introduction to PTSs is found
in chapter 2. There)the definition of a PTS is adapted to account for signatures
and fB7n-equality on well-typed terms. The standard presentation of logics is given
in chapter 3, with substitution results handled in this general setting to make the
transfer to the algebraic presentation straightforward. In chapter 4, the new frame-
work is defined and motivated and the method of representation illustrated. An
informal account of the encoding definitions is given, with the formal justification
presented in chapter 5. Examples and counter-examples illustrate the definitions.
The behaviour of the variables and the properties of the consequence relation of
encoded logics, determined by the ELF" entailment relation and emphasised in
the logic chapter, motivates the presentation of the logiés and their corresponding
type theories as indexed categories (split fibrations), given in chapter 6. Adequate
and natural encodings correspond to isomorphisms between the appropriate in-

dexed categories. We conclude by summarising our achievements and describing

some possible future research resulting from our work.

Related research

The new framework is based on the Edinburgh Logical Framework (ELF) [HHP89),
adapted using techniques from pure type systems (PTSs) [Bar90]. The design of
ELF was influenced by AUTOMATH [dB80] and by Martin-Léf’s work on the
foundations of intuitionistic logic [Mar80]. The seminal work on machine-assisted
proof was initiated in the late 1960s by de Bruijn, whose goal was to develop a
framework for expressing arbitrary mathematical arguments in a notation suitable
for checking by a machine. His approach was based on representing mathematical
texts as terms in a typed A-calculus, reducing proof checking to type checking. A

variety of mathematical theories have been developed and checked, most notably

!Geuvers has recently proved CR for functional normalising PTSs.
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the formalisation of Landau’s textbook on Mathematical Analysis [Jut77]. This
work has been important in the development of machine-assisted proof, especially
the NuPRL system of Constable et al. [Con86] and the Calculus of Constructions
of Coquand and Huet [Coq85]. However, this subsequent research differs in spirit
from AUTOMATH in that the latter two are concerned only with the formalisation
of constructive mathematics, whereas AUTOMATH sought to encompass classical
mathematics as well. The ELF project can be viewed as a development of the
AUTOMATH ideas that seeks to keep a clear distinction between the object- and
meta-level. The ELF approach differs in that it aims to develop a general theory

of representations of formal systems.

The work of Martin-Lof [NPS90] influenced the design of ELF and hence ELF™.
In particular, his emphasis on the notion of judgement and on its uniform extension
to higher-order forms was very important [Mar85]. The system of ‘logical types’ (as
yet unpublished, but see [NPS90]), providing a basis for his intuitionistic set theory,
is formally similar to the LF type theory, but the applications are substantially
different. In particular, work on ELF is concerned with encoding formal proofs
in arbitrary logical systems and is not concerned with specifically intuitionistic
problems such as proof normalisation. In contrast, Martin-Lof uses the system
of logical types as the foundation for his set theory and does not consider its
application to general formal systems. Martin-Lof also separates expressions, by
using judgements A set, Aprop, Atrue for expressions A, in a similar fashion to
the distinctions of ELF'-terms with comparable, although not identical, uses. The
framework Alf [ACN90] is based on Martin-Lof’s ideas.

The extension of Barendregt’s A-cube [Bar90] to PTSs [Ber90] [Ter89] provides
a greater range of type theories, one of which forms the basis of ELF*. Baren-
dregt [Bar90] has popularised the notion of PTS and presents various intuitionistic
minimal logics as type theories using the propositions-as-types paradigm [CF58]
[How80]. This use of type systems to present logics contrasts with the ELF™* ap-
proach where the type system is used as a metatheory, rather than to present
particular formal systems which happen to ﬁt. The idea of adding signatures to
PTSs appears in Beradi’s thesis [Ber90]. Pollack [Pol9-] is currently working on an
implementation of PTSs which, therefore, provides an implementation of ELF*,

albeit without signatures and 7.
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There has been much work associated with the ELF project. bur empha-
sis on consequence relations is motivated by Avron’s research [Avr91]. Salvesen
[Sal89] proves the Church-Rosser property for the B7n-equivalence of ELF which
is used in the corresponding result for ELF*. In recent unpublished work, she
extends her ideas to functional PTSs with 7 satisfying strong normalisation. Her
work implies the decidability of ELF". Geuvers has very recently proved the
Church-Rosser property for functional normalising PTSs {Geu91]; throughout
this thesis we just refer to Salvesen’s result as this was the one known to us
when writing. Various examples of formal systems have been encoded in ELF.
These include two different variations on Hoare logic [AHMP87] [AHM89], modal
logics from K to S4 [AHMP87], various A-calculi, including A;, A,, and linear
A-calculus [AHMP87] [AHMS89], various type theories, including the LF type sys-
tem itself, Martin-Lof’s type theory, and the Damas-Milner type assignment sys-
tem [Har90]. Other results, which have not been used directly in this thesis but
which are still significant to ELF*, can be found in [Pym90], [El90], [PW91]
and [Pfe91]. Work is currently under way to produce a ‘linear’ ELF [MPP92],

incorporating ideas from Girard’s linear logic [Gir87].

Paulson’s Isabelle system uses ideas similar to ELF in the context of higher-
order logic [Pau87]. Nipkow has adapted the Isabelle system to allow for order-
sorted polymorphism [Nip91]. Constable and Howe [CH90] demonstrated the use
of NuPRL as a logical framework, emphasising the use of the richer type structure
of the NuPRL type theory in an encoding. Felty has studied the representation
of logics in A-Prolog, in particular the LF type theory itself [Fel89]. Mendler and
Aczel [MAS8S8] are developing the theory of MaThImP, as a system for doing inter- '
active mathematics on a machine that is also based on a general theory of logical
systems, albeit of a rather different flavour than that considered here. Feferman
has proposed a theory of formal systems based on a general system of finitary

inductive definitions [Fef89).

Our algebraic account of representations in ELF* uses ideas from the area
of categorical logic initiated by Lawvere [Law70], but applied to logics in general
rather than to particular logics. There are various case studies of logics modelled as
categories (see Seely’s work on hyperdoctrines [See83] and the references therein,

and also [Amb91] for an example of a categorical presentation of a first-order
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linear logic). There has been much work on presenting dependent type theories

categorically: for example, contextual categories [Car78] [Str89], categories with
fibrations [Pit89], comprehension categories [Jac91]; see Jacobs [Jac91] for a more

complete list. General approaches to modelling logics include the work on institu-

tions [BG90] and model-theoretic logics [BF85]. Algebraic accounts of logics are

investigated by Meseguer [Mes89], Aczel [Acz91] and Pym [Pym91], and Mendler

and Aczel [MA88| provide an algebraic notion of framework for, in particular, the

Logical Theory of Constructions [ACM90]. |

10



Chapter 2

Pure Type Systems

Pure type systems (PTSs) [Bar90], sometimes called generalised type systems,
provide a concise notation for presenting many type systems in a unified way;
they originate from the work of Beradi [Ber90] and Terlouw [Ter89] who gener-
alise Barendregt’s ‘cube of typed A-calculi’ [Bar90]. We define ELF and the new
framework, ELF?, using this notation to provide simple presentations which em-
phasise the link between the two frameworks and provide results for ELF" via
those for ELF. In order to give a precise account of these frameworks, however,

we must extend the PTS structure to include 87-equivalence and signatures.

2.1 Introduction to pure type systems

A PTS is specified by sets of universes, azioms and rules which determine the
syntax and proof system of the type theory. The universes provide the starting
point on which the type theory is based, with some universes inhabiting others as
indicated by the axioms. For example, ELF has two universes Type and K ind,
with the universe T'ype inhabiting Kind. The rules determine which families of

terms are allowed; that is, they control the formation of terms of shape Ilz:A4.B.

11



Pure Type Systems

2.1.1 DEFINITION A specification of a pure type system is a triple (/, A, R) where
e U is a set, called the set of universes;
e ACU xU is the set of axioms;

e RCU XU xU is the set of rules.

Remark

1. This definition is a very minor restriction of Barendregt’s definition where I/
(called the set of sorts in [Bar90]) is a subset of a set of constants C and the
axioms are elements of C x /. Barendregt only gives one example which uses
this extra expressivity for the axioms and, in example 2.2.2, we argue that
this example is misleading and propose an alternative presentation using

signatures.

2. A full understanding of the role of the rules is only achieved by studying
the proof system derived from the specification (U4, .4, R) (definition 2.2.5).
The intuition is that, for rule (u,v,w) € R, we can form the term IIz:A.B

inhabiting w if A inhabits » and if B inhabits v assuming z inhabits A.

Notation The axiom (u,v) is written as u : v and the rule (u,v,v) is usually

abbreviated to (u,v).

Let Var be a countably infinite set of variables. It is useful to divide Var into
disjoint finite subsets Var® for each u € U; that is, Var = U,y Var®. The
members of Var are usually denoted by z,y, z; when the universe is important we

write z* for u € U.

Let (U, A,R) be a specification of a pure type system (. The set of preterms
T is defined by the abstract syntax

Tio=z|u|lle:T.T|X:T.T|TT,

where u € U and z € Var® for some v € U. We use the letters A, B, M, N to
denote preterms. We say that preterm A is a A-abstraction or II-abstraction if A is

of the form Az:A4;.A, or IIz: 4,. A, respectively, and let A — B abbreviate [Iz:A.B

12
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when z € fv(B). The notions of free variables, substitution and a-conversion are

special cases of definitions 3.1.10, 3.1.15 and 3.1.13.

2.1.2 DEFINITION For preterms M and N, M is a subterm of N if M € Sub(N)
where Sub(N), the set of subterms of N, is defined by

Sub(N) = {N}if N is a variable or universe;
Sub(N) = {N}U Sub(P)U Sub(Q),
if NV has one of the shapes IIz:P.Q, Az:P.Q or PQ.

The definitional equality on preterms is §-equality, which is defined as one would
expect from the usual one-step #-reduction, denoted by — [Bar84]. We denote
p-reduction by g, the reflexive and transitive closure of —g, and let =4 denote
the corresponding congruence relation of 3-conversion. An important property -
of B-reduction is the Church-Rosser property [Bar84]; that is, if A >g B and
A C then B >y D and C >g D for some preterm D. For (-preterms A
and B, A : B is called a (-assertion; we refer to A as the first component of
the (-assertion and often denote (-assertions by a. A (-precontezt is a finite
sequence, possibly empty, of (-assertions whose first components are all variables.
For a (-precontext T' = (z;: Ay,...,z,: A,), n > 0, the domain of T, dom(I"), is
{z1,...,2,}. A precontext I extends precontext A if I'is A, A’ for some precontext
A'. A precontext I' is contained in A, denoted I' C A, if every z : A in T is also
in A. A (-sequent is of the form '+ A : B, where T' is a (-precontext and A
and B are (-preterms; the relation | is the entailment relation of the type theory.
We sometimes write I' ¢ A : B : C as a shorthand for TS A: Band T'H B : C.
The superscript ¢ is omitted when the PTS is apparent.

2.1.3 DEFINITION The type system for the PTS ¢ with specification (U, A,R) is
‘defined by the following formal system:

AxIom (YFru:v u:v€EA
'A:u
START w€U,z € Var®,z & dom(T)
Nz:Atz: A

13



Pure Type Systems

'rA:« T+B:C
WEAK vel,z € Var',z & dom(T)

Lz:AFB:C

'FA:u I'z:AFB:v
I1 (u,v,w) €R
I'FMz:A.B:w

P'F1lz:A.B:u z:A+M:B

A uelY
'k Ax:AM :lIz:A.B
' M:Ilz:A.B I'EFN:A
App
' MN : B[N/z]
I'+HA:B 'B:u ‘ ,
Conv B=sB,ucl

'A:B

A (-precontext I' is a (-conteztif T" is empty or there exist (-preterms A and B
such that TFC A: B. A (-preterm A is a (-term if 'S A : B for precontext I’

and preterm B.

Barendregt useé the abstract symbols x, O and A to denote universes. When
investigating a particular type theory, universes are often labelled more concretely
as, for example, prop, set, type and kind, to convey some meaning relative to the
type theory of interest. This becomes confusing when providing a unified theory
since, for example, the universe type has different meanings in the Calculus of
Constructions [Coq85] and ELF [HHP89]. We use Barendregt’s notation in this
chapter and revert to names when describing the new framework.

a
2.1.4 EXAMPLE The Calculus of Constructions [Coq85] can be presented asLPTS

with specification AC given by
U= {0}
A= {x:0}
R = {(*,*)’(*aD)’(Da*)7(D’D)}

14



Pure Type Systems

The * corresponds to Prop and O corresponds to T'ype in [Bar90]. The subsystem
with only the rule (*, ) 1s1\31mply typed A-calculus with type variables giving the
basic types. The rules (O, %), (*,0) and (O, 0) add polymorphic types, dependent
types and higher-order features respectively. The subsystem with the rules (*, *)
and (*,0) is the AI-calculus on which ELF is based (in this case * corresponds
to T'ype and O to Kind in [HHP89]). The system with the rules (*,*) and (O, *)
is essentially Girard’s system F [Gir72], and adding the rule (O,0) to system
F corresponds to Fw [Gir72]. In this way we obtain a collection of eight type
systems all containing simply typed A-calculus and all contained in the Calculus

of Constructions. This collection is known as the ‘cube of A-calculi’ [Bar90).

2.1.5 EXAMPLE PTSs are also used to present many-sorted minimal intuitionis-
tic logics. For example, Geuvers [Geu90] defines a higher-order logic based on

Church’s presentation [Chu40] as the PTS with specification

AHol U= {x0A47}
A= {*x:0,0:A}
R = {(*a*)’(D’*)’(D>D)}

With this definition, objects of O correspond to the domains of higher-order logic;
in particular, the domain *, which contains the formulae, is distinguished. The
universe A is a starting universe declared so that domains other than * can be
given. Functional and predicate domains and the objects therein are formed using
the rule (3, 0). Rule (*,*) provides the logical implication and (O, ) provides the
quantification, with the corresponding introduction and elimination rules given by

the A- and APP rules of the PTS.

2.1.6 EXAMPLE Not all PTSs are normalising; for example, the PTS specified by

U= {x}
A= {*:x%}
R = {(*> *)}

is an inconsistent system in the sense that every type is inhabited [Bar90].

The following results, taken from [GN91] unless otherwise stated, give the

elementary properties of the entailment relation of an arbitrary PTS specified by

15
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(U, A,R). They have important repercussions when using a PTS to represent a
logic since the properties of the entailment relation and thé consequence relation

must be compatible (as discussed in section 3.2).

The first lemma, adapted from a result in [GN91], states that we can only use

variables that we declare.

2.1.7 LEMMA [Free variable lemma] SupposeI' - B': C forT' = (z,:4,,...,z,:4,).
Then

1. the z,,...,z, are distinct;
2. fu(B), fv(C) C{zy,...,z,};

3. any derivation of I' B : C has as subderivation z:A4;,...,z;_1:4;_; F A; : u;

for some u; € Y and any ¢ € {1,...,n}.
Proof By induction on the derivation of ' - B : C. O

2.1.8 COROLLARY A precontext I' = (xz;:4,,...,2,:4,) is a context if and only
if 21:4;,...,2;_1:4;_1 F A; : u; for some w; € U and for each i € {1,...,n}, and

the z,,...,z, are distinct.

The next few lemmas show that contexts beh;ve as expected.
2;1.9 LEMMA Let I' be a {-context. Then
l.TFu:vforallu:v e A4;
2. 'Fz: A whenever z: Aisin I

Proof By assumption I' - B : C for preterms B and C. The result follows by
induction on the derivation of '+ B : C. O

2.1.10 LEMMA ([Substitution] If T,z: A,T'+F B:C and '+ M : A then
[, T'[M/z] - B[M/z] : C|M/x].

Proof By induction on the derivation of I',z : A,I' + B : C. We consider two

cases; the others are trivial or similar.

16



Pure Type Systems

Case 1. The last line is obtained from the START rule and the proof is split into

two subcases.

" Subcase 1. If " is I,y : C and B is y, and the last line in the derivation
is
z:AT'FC:u
Lz: AT y:Cky:C

foru €U,y € Var* and y & dom(T',z : A,T").

By induction, it follows that I',I"[M/z] - C[M/z] : v and

I, T"[M/z),y: C[M/z]+ y: C[M/z] using the START rule. Since
y # z, we have I',T'[M/z] - y[M/z] : C[M/z].

Subcase 2. If I is the empty context, B is z, Cis A and the last line in

the derivation is

'FA:u
Iz:AFz: A

u€U,z € Var*,z & dom(T).

By the free variable lemma, fv(A) C dom(T'), so A[M/z] is A and
I'+ z[M/z] : A|]M/z] by the premise.

Case 2. The last line in the derivation is obtained from the APP rule where B is
NN’ and C is C'[N/y] and the line is

T,z:AT'FN:IOy:A'.C’ L,z: AT'FN: A
L,z: AT+ NN': C'[N'/y]

By renaming if necessary, we may assume z # y. Using the induction hy-
pothesis, we have I',T"[M/z] - N[M/z] : Hy:A'[M/x].C'[M/x] and

I, I"[M/z]+ N'[M/z] : A'[M/z]. So, using the APP rule, it follows that
I,I"[M/z] - (NN')[M/z] : C'[M/z][N'[M/z]/y], and, using the substitu-
tion results (proposition 3.1.15), we obtain the entailment

I, I"[M/a] - (NN')[M/z] : (C'IN'/4])[M/a]. :

Next we generalise the substitution lemma to allow for simultaneous substitu-

tion, which will be used extensively in chapter 6.

17



Pure Type Systems

2.1.11 LEMMA [Generalised substitution lemma] The entailments
[,z:Ay,. .., Th1A,, A F o, forassertion o, and ' ¢ : A fty, ... 6 /2y, ...,z q),

for i € {1,...,n} imply T, A[Z/Z] F o[f/Z].

Proof By many wuses of the substitution lemma, we have
L, Alty/zy] ... [t,/z,) & afty/z,]...[t,/z,]). Using the free variable lemma, we
know that fu(t;) C dom(T') for each ¢ € {1,...,n} and the sets {z,,...,z,}
and dom(T") are disjoint. Hence, by the substitution results in proposition 3.1.15,
we have I', A[t/Z] F a[t/T]. . O

2.1.12 LEMMA [Thinning] f '+ A: Band ' C I" for context I, then I' + A : B.

Proof By induction on the derivation of I' - A : B (care must be taken in the
II-rule to avoid variable clashes, since z ¢ dom(T") does not guarantee z ¢ dom(T")).

o

Remark This lemma is sometimes called the weakening lemma, but we do not
~ use this terminology to avoid confusion with the weakening rule. It shows that
postulating more assumptions does not invalidate the provable results. This af-
fects the logics we are able to represent in a type theory; for example, we cannot

represent systems for non-monotonic reasoning.

2.1.13 LEMMA [Generation| Let '+ A : B.
1. IfAisuGL{thenu:vE.Aandeﬂ'uforsomevGL{.

2. If Ais variable z* then z : B'isin"and '+ B' : w and B =4 B' for some
u€eU.

3. IfAisllz:A;. Ay thenT'F Ay :wand ',z : A, F A, : vand B =g w for some
(v,v,w) € R.

4. If Ais A A, then ' A, :lz:B,.B, and '+ A, : B, and B =g By[A,y/x]

for preterms B; and B,.

5 If Ais Az:A;. Ay then T F1Iz:A,.B :uforu €U and T,z : A; + A, : B' and
B =4 Iz:A,.B'.

18
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Proof The proofinvolves inspecting the derivation of I' - A : B. Call the AXIOM,
START, II-, A- and APP rules the formation rules. We can follow the branch of the
derivation until we get to a formation rule; the only other rules are the WEAK and
CONV rules, which do not affect A. In each case, the conclusion of the formation
rule is [' - A : B' where T is an extension of [V and B =g B'. The result follows
by inspection of the rule used, together with the thinning lemma (lemma 2.1.12).
(]

A corollary of the generation lemma shows that, although there can be infinitely
many levels of inhabitation (that is, A; : Ay : A3...), we soon get to the universes
with inhabitation given by the axioms. We distinguish the universes which do
not inhabit terms; these provide the starting point with which to build the type
theory.

2.1.14 DEFINITION Let ¢ be the PTS specified by (U/,.4,R). An element u of I

is a top universe if u is not the first component of an axiom.

2.1.15 LEMMA Let u be a top universe. Then I' I/ u : A for any preterm A and

context I.

The following result is a more precise statement of the corresponding one in [Bar90],

which does not give the notion of top universe.

2.1.16 COROLLARY [to lemma 2.1.13] The entailment I' - A : B implies that

there is a u € U such that B is 4 and u is a top univers.e, orI'+ B:u.

Proof Prove by induction on the derivation of I' - A4 : B. We look at two cases.

The other cases are trivial or similar.

Case 1. ' A: BisT'+ IIz:A":B’ : w and the last rule in the derivation is

'rA:uw T,z:AFB:v
F+Mz:A'.B :w

(u,v,w) ER

Either w is a top universe or w : w’ € A for some w' € U.
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Case 2. '+ A: Bis'+ MN : B'[N/z] and the last line in the derivation is

' M:Nz:A B 'FN:A
'+ MN : B'[N/z

By the induction hypothesis, I' b IIz:A". B’ : w for w € U. Using the genera-
tion lemma, we have (u,v,w) € Rsuchthat ' A :wandT',z: A'+ B : .
By the substitution lemma, I' F B'[N/z] : v. 0

2.1.17 LEMMA [Permutation] If I,z : A,y : B,T'F C: D and '+ B : u for some
wu€U,thenT,y: B,z: AT'+-C:D.

Proof By induction on the derivation of I',z : A,y : B,T"” F-C : D using the thin-

ning lemma (lemma 2.1.12). O

2.1.18 DEFINITION Let T, I be {-precontexts of the form (z,:4,, ..., z,:A,) and
(zy:By,...,z,:B,) respectively. Then T —g I if A —g3 B;, for some
i € {1,...,n}, and 4; is B;, for all i # j with j € {1,...,n}. AlsoT >4 I
if A;>g B;and ' =5T"if A; =4 B;, for all i € {1,...,n}.

2.1.19 LEMMA [subject reduction] If '+ A: B and A>3 A then T'F A’ : B. If
I‘I-A:Ba,ndFDﬁF'thenF'l-A:B.

Proof It is enough to prove the results for the one-step S-reduction: that is,

'FA:Band A—j; A impliesTF A : B; (2.1)
I'+A:BandT —, ' impls I' - A : B. (2.2)

These are proved simultaneously by induction on the derivation of '+ A : B. We

consider two possibilities. The other cases are easy or similar.

Case 1. The last applied rule is the II-rule where A is IIz:C.D and B is w and
the last line in the derivation is
'FC:u Iz:CFHD:wv
I'Mlz:C.D :w

(u,v,w) € R.

Then 2.1 and 2.2 follow from the induction hypothesis (for 2.2).
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Case 2. The last applied rule is the APP rule where A is M N and B is D|N/z]

and the last line in the derivation is

'M:lz:C.D TEFN:C
' MN : D|N/z]

The second result follows directly from the induction hypothesis. The first
is proved by looking at cases. If A’ is M'N where M —g M ' then by the
induction hypothesis '+ M’ : Iz:C.D and so '+ M'N : D[N/z]. If A' is
MN' where N —g N' then by the induction hypothesis '+ N’ : C and
I'+ MN': D[N'/z]. Since D[N/z] =4 D[N'/z], we have T - MN': D[N/x]
using the CONV rule. If M is of the form Az:C".M' and MN —; M'[N/z]
then, by the generation lemma, there exists a {-preterm D’ and (u,v,w) € R
such that T+ C':u, T,z:C'F M : D and I,z:C'+ D' : v. We know
that Ilz:C.D =4 Mz:C'.D' implies D =g D'. By the substitution lemma
'+ M'[N/z]: D'[N/z] and so TF:M'[N/z]:D|N/z] since
D[N/z] =4 D'|N/x]. O

The following result is proved by Jutting [Bar91], extending Luo’s proof for
the Extended Calculus of Constructions [Luo90]. His proof for arbitrary PTSs is
involved and so is not given here. It asserts that PTS judgements are, in Martin-
Lof’s terms, ‘aﬁalytic judgements’, since the derived validity of a judgement I" F «

depends only on the variables that actually occur in o [Mar85].

2.1.20 LEMMA [Strengthening] If ',z : A,T'+ B : C then I',I' + B : C provided
z & dom(I") U fu(B) U fv(C).

2.1.21 DEFINITION A PTS with specification (U,.4,R) is functional when the
sets A and R satisfy

! . . /
l.u:v,u:v € Aimplies v =v';

2. (u,v,w),(u,v,w') € R implies w = w'.

2.1.22 LEMMA [Unicity of types] Let ¢ be a functional PTS. If T+ A : B and
I‘I—A:B'thenBzﬂB'. '
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Proof By induction on the structure of A. We look at two cases; the others are
trivial or similar. If 4 is u € U then, by the generation lemma, B =g v ond R'= av'
Aot wiv,unvt € GA' . Since ( is functional, we have v = v'. If A is [Iz:A’. A"
then, again by the generation lemma, there exists (u,v,w), (u’,v’,w') € R such
that the followinghold: TH A’ : u, T+ A" : o/, T,z: A'F A" : 0o, Tz : A+ A" : ¥/,
B :\V"w and B’ :—%’w'. By the induction hypothesis, « = 4’ and v = v’ and so w = v’
since ( is functional. a

Remark This result obviously does not hold for arbitrary PTSs since, for exam-

! .
ple, one can declare v : v and u: v in A.

2.1.23 COROLLARY Let ¢ be a functional PTS. f ' - A: B and B >g B' then
'A:B.

Proof Using the corollary to the generation lemma (corollary 2.1.16), we know
that B is v and u is a top universe, or ' - B:u. If B is u then B and B’ are
identical. If '+ B :u then ' B’ : u by the uﬁicity of types lemma and, using
the CONV rule, ' A : B. O

2.1.1 PTS morphism

A simple comparison of PTSs is given in terms of a map between specifications;
that is, a map between the sets of universes which preserves the axioms and rules.

In particular, we use this map to obtain results for ELF* via those for ELF.

2.1.24 DEFINITION Let ¢ and ¢’ be PTSs specified by (U, .4, R) and u,A,R)
respectively. A PTS morphism from ¢ to ¢ is a mapping f : U — U’ which

preserves the axioms and rules; that is,

1. ifu:v e Athen f(u): f(v) € A

2. if (u,v,w) € R then (f(u), f(v), f(w)) € R

To extend a PTS morphism f : { — ¢, with ¢ specified by (U, A,R), to a map
between preterms, choose injective maps from Var®* to Var’ (“), for v € U, and

then define by induction on the structure of preterms. Again, the map can be
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extended to a map from precontexts of ¢ to precontexts of ¢'. The extensions of
f to the preterms and precontexts of { will also be called f. The following lemma

shows that a PTS morphism f ::¢ — (' provides a sound interpretation of ¢ in (.
62.1.25 LEMMA If f is a PTS morphism from ¢ to ¢’ then

I'H A: B implies f(I') F f(A): f(B).
Proof By induction on the $eadustof derivation of I' F¢ A : B. O

2.1.26 EXAMPLE There is a simple PTS morphism from the specification of AIl
(example 2.1.4) to that for the Calculus of Constructions (example 2.1.4) given
by the identity function on the universes, since the rules for AIl are contained in

those for the Calculus of Constructions.

2.1.27 EXAMPLE Consider the following two specifications:

U= {*la *2, D} ul = {*’ D}
A= {x:0} ' '.A'={*:E]}
R = {(x1,%1, ’f‘z), (%1, %3, %) } R'={(x, %)}

There is a PTS morphism from (U, A, R) to (U', A, R'), the specification of simply
typed A-calculus, given by the forgetful maps O +— O and *; — * for 7 € {1, 2}.

2.2 Pure type systems with signatures

In ELF, the signatures, declaring constants, and the contexts, declaring variables,
have very different uses: signémtures specify logics; contexts, amongst other things,
correspond to assumptions in the representing type theory. Beradi first proposed
the idea of adding signatures to PTSs [Ber90]. In [Geu90| signatures are defined
as special contexts, namely fixed contexts where variable discharge does not oc-
cur. However, in ELF signatures are not special contexts; the formation of the
signature variables is stronger than that of the context variables. We give a simple
notion of signature within a PTS which yields a precise presentation of ELF and

the new framework ELF™ (up to -equality) using the PTS notation. We also give
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an alternative presentation of simply typed A-calculus with a finite number of base
types using a signature to declare those base types. This differs from Barendregt’s
presentation, where base types are treated as universes which results, rather con-
fusingly, in different PTSs for simply typed A-calculi with different base types.
Finally, we propose a more general notion of signature, where the formation of
the signature is separate from the main proof system, to allow greater flexibil-
ity between constant and variable declarations. For example, we obtain a more
natural presentation of various many-sorted minimal intuitionistic logics with the
‘structural rules’, providing the function and predicate symbols, separate from the

‘logical rules’ for implication and universal quantification.

2.2.1 EXAMPLE The presentation of AII as a PTS is specified by

U= {x0}
A= {*:0}
R = {(*#),(x0)}
In [Geu90], ELF is defined using this' PTS with the signatures given as fixed,

initial contexts. However, ELF is a type theory in which signatures are not special

contexts; a constant may be declared in T'ype, but not a variable.

2.2.2 EXAMPLE The second example is simply typed A-calculus [Bar84], which
illustrates our reasons for working with a slightly restricted definition of PTS and
our misgivings about the original definition. This is given by a set of types, denoted

by 7, defined inductively as follows:

o Aj,..., A, €T (called the base types);

e if 0,7 €7 then (¢ — 7) € T (called the functional types).

Given disjoint, countably infinite sets of variables Var’, for each o € 7, the set

of typed A-terms is U,z A,, where A, is defined by

e 2 € A,;
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e MeA,._,,and N € A, imply MN € A_;

e M € A, and variable z € A, imply Az. M € A,_,,.

This system is presented in [Bar90] by the PTS

U= {0}
A= {x:0}
R = {(*’*)}

where * corresponds to 7. In this PTS the types are given by variables in Var*,
whereas simply typed A-calculus has a finite set of base types and no variable

types. Because of this, Barendregt [Bar90] proposes the PTS

U= {x}

A= {A;:x,..., A, : %}

R= {(x)}
where, in his formulation, the axioms are defined as elements of C x U, for a
set C containing U/, rather than elements of U x U. A significant advantage of
PTSs is that they unify the presentation of type theories in a compact notation
which emphasises the structure of the type theories. This structure is obscured
in the above example since two simply typed A-calculi with different base types
are expressed as different PTSs. The base types have been over-emphasised by
treating them as universes. Instead, an alternative presentation will be proposed
using signatures to declare the base types, so that these two calculi with different

base types are expressed in terms of one PTS, but with different signatures.

2.2.3 EXAMPLE We are also not satisfied with the presentation of certain min-
imal intuitionistic logics as PTSs. For example, many-sorted predicate logic is
represented in [Bar90] by the PTS

U= {x° *f, 0°, 0%}
A= {¥*:0°«":0F}
R = {(*",*’,*f),(*",*f),(*", OF), (x°, #F), (+F,+F)}
Elements of *° correspond to basic sorts and those of ** to the formulae. The

0O° and O are top universes which allow us to define such elements. Elements
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f can be interpreted as higher-order sorts whose inhabitants are -

of the universe *
the function symbols of the logic. The inhabitants of *° are formed from the rules
(%%, *°, ! ) and (*°, 7 ), and the predicate domains, whose inhabitants are the pred-
icate symbols, are given by (*°,0%). The ‘logical’ rules (+°,*”) and (*?, ") form
the implication and universal quantification with the accompanying introduction
and elimination rules given by the A- and APP rules. This gives an unnatural
presentation of minimal intuitionistic logic since the ‘syntactic’ rules and ‘logical’

rules are mixed, and again we require a finite set of base sorts, rather than variable

sorts.

First, we give a simple method for incorporating signatures into the PTS no-
tation which is enough to give a precise account of ELF and ELF*. Later, we
propose a more general formulation which allows for greater distinction between

the formation of signatures and contexts.

We specify a PTS with signatures using a quadruple of sets of universes, vari-
able universes, axioms and rules. As in the original PTS presentation [Bar90],
we distinguish the universes . \n . which variables are declared; we may declare \
variables in term A if A inhabits a variable universe, whereas constants may be

declared in terms inhabiting any universe.

2.2.4 DEFINITION A specification of a PTS with signatures is a quadruple of the
form (U,V, A, R), where

e U is a set, called the set of universes;

o V C U, called the set of variable universes;

o ACU xU, called the set of azioms;

RCV xU xU, called the set of rules.

The set of preterms, 7, of a PTS with signatures, given by specification
(U,V, A, R) is defined using countably infinite sets of variables Var and constants

Const using the abstract syntax

Tu=z|u|a|Ne:T.T | Ae:T.T|TT,
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where u is a universe, z € Var and a € Const. Again it is useful to divide the
sets Var and Const into disjoint infinite subsets Var® and Const” for v € V
and v € U. Arbitrary variables and constants are denoted by z,y,z and a,b,c
respectively. The (-preterms, (-assertions and (-contexts are defined as before. A
¢-presignature is a finite sequence of (-assertions whose first components are all
constants. A (-sequent is of the form I’ I—; A : B for presignature ¥, precontext I'
and preterms A and B. We omit the superscript ( when the PTS with signatures

is apparent.
The method of declaring constants is based on the standard approach used,

for example, in the type theory defining ELF [HHP89).

2.2.5 DEFINITION The PTS with signatures, specified by (U,V, A, R) is defined
by the following proof system:

Axiom (YFgu:v u:v€EA

(YFgA:u
()I_L‘,a:Aa’:A

SIGNATURE

u€U,a € Const”,a & dom(X)

(YFgA:u (YFg B: C
<)}—E,a:AB:C

u€U,a € Const*,a ¢ dom(X)

kg A:w ‘
CONTEXT veEV,z € Var’,z ¢ dom(I)
Nz:Absz: A .

F'FgA:w ke B:C
Fe: Ay B: C

veV,x € Var’,z &dom(T)

'k A:u z:AFs B:wv
II -RULE . (v,v,w) € R
'y Hz:A.B:w

Fryz:AB:u  T,z2:A+y M:B
A -RULE ueld
'y Az:A.M : 1lz:A.B
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by M :1MIz:A.B 'k N A
I' s MN : B[N/z]

ApPpP

Pty A:B TFgBiu ,
Conv - B=gB,ucl
't A: B

A (-signature is a (-presignature|such that I' }—g A : B for some precontext I' and
preterms A and B. A (-context over signature ¥ is a (-precontext {such that
r I-; A : B for preterms A and B. A PTS with signature ¥, denoted by (¢, X), is a
PTS with signatures, denoted by ¢, such that ¥ is a {-signature and the sequents
of interest are of the form I I-g; A : B for some precontext I' and preterms A and

B.

Remark An alternative system is to replace the signature rules by the rules
FF A u N
—_— u€U,a € Const*,a & dom(X)

kg 40 A

and '
I‘I—-EA:u FI—EB:C
I‘F—E’G:AB:C

This allows the signature to be extended at arbitrary points in a derivation rather

v €U,a € Const”,a & dom(Z).

than considering it, once formed, as fixed. We do not use this approach as both
logics and ELF have fixed signatures, although it may be more appropriate to

have flexible signatures when using type theories as theorem provers.

One can obtain a simple connection between PTSs with and without signatures
by viewing signatures as initial contexts, as in Geuvers’ paper [Geu90]. This link

gives us easy access to results for PTSs with signatures via those for PTSs.

2.2.6 DEFINITION Let ¢ be a PTS with signatures specified by (/,V, A, R). The
fundamental PTS for ¢, denoted by (;, is the PTS with specification (i, A, R).

To obtain the connection between the PTS with signatures and the fundamental

PTS, choose a bijection f : Varé U Const® — Vars satisfying

f(z) € Var® for z € Var® and v € V;
f(c) € Var® for c € Const” and u € U.
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This is easily extended to preterms, precontexts and presignatures to obtain the

following result.

2.2.7 LEMMA Let ¢ be a PTS with signatures and (; its fundamental PTS. Then
r I—% A : B if and only if f(Z), f(T") ¢ f(A) : f(B).
Proof Easy induction on derivations. ' O

~ As a consequence of this lemma, all the results given in section 2.1 hold for PTSs

with signatures.

2.2.8 EXAMPLE The framework ELF with (-equality is presented as the PTS
with signatures specified by

CLr U= {0}
V= {x}
A= {x:0}

R= {(*’ *), (%, D)}

This is equivalent to the original presentation given in appendix A.

2.2.9 EXAMPLE Simply typed A-calculus is given by the PTS with signatures,
¢)—, specified by

C/\-‘ U= {*, EI}
V= {}
A= {x:0}

R = {(xx%)}

Simply typed A-calculus with one base type 0 is ¢y~ with signature {0 : ¥} for
0 € Const®, and simply typed A-calculus with two base types 0 and 0’ is ¢ ™
with signature {0 : *,0’ : x} for 0,0' € Const®. We may also define constants
in the base types; for example, the signature {0 : *,a : 0} for 0 € Const” and
a € Const® declares a base sort 0 inhabited by base constant a. There is no

L. TeROn  gdaeved
restriction on the constants we are able to declare, although thisjcan be | = by

having no connection between {{ and V and defining the sets of axioms and rules

as AC(UUV)x (UUYV)and RCV x (UUV) x (UU V) respectively.
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2.2.10 ExaMPLE The PTS with signature presentation of many-sorted minimal

intuitionistic predicative logic is

U= {*’,*p,*f,El",Dp}

V= ()

A= {+:0°%" .0}

R= {(*",*",*f),(*’,*f),(*", aP), (+°, #*), (+*, %)}

C/\PRED

with only variables corresponding to terms and proofs of formulae permitted.
First-order logic with arithmetic, given in chapter 3, is presented as APRED
with signature ¥ = {i : #°,0: 4, succ: ¢ — i, +:1 > 1 > i, =11 = 1 — ¥},
where 2,0, succ, +,= € Const. Notice that there is a natural separation into the
‘syntactic’ rules, (*°, *°, *f), (*°, *f) and (*°, 0%), used in the formation of the func-
tion and predicate symbols, and the ‘logical’ rules, (*°, ") and (*?, **), which give
the formation, introduction and elimination rules for implication and universal

quantification. This motivates an alternative approach of adding signatures.

We discuss a possible alternative method for adding signatures, where the
formation of signatures is separate from the main proof system. This method
incorporates ideas mentioned in Beradi’s thesis [Ber90] and is based on discussions
with Geuvers and Pollack. The motivation for this approach is illustrated by the
above example of the presentation of many-sorted predicate logic, where the rules
fall naturally into ‘syntactic’ and ‘logical’ rules. We would also like to present,
for example, first-order logic with Peano arithmetic, which includes the induction

schema

#(0) and Vz.(¢(z) D ¢(succ(z))) implies Vz.4(z).

The alternative definition of PTS with signatures has a similar specification to the
previous definition except that we separate the rules into two classes: constant
and variable rules. The idea is that a signature is a context from a PTS defined
using the constant rules; once the signature is formed, the constant rules are
redundant. This clarifies the intuition that constants are special variables which

cannot be discharged. The specification of a PTS with signatures is now a quintuple

Uu,v, A, Ry,Ry), where
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U is a set, called the set of universes;

e V CU , called the set of variable universes;

e ACU xU, called the set of azioms;

Ry CU XU XU, called the set of constant rules;

e Ry, CV xU XU, called the set of variable rules.

The intuition is that a signature is a context from the PTS specified by (U, A, Ry)

and the main proof system is essentially defined using V, A and R,,. The PTS

with signature X, given by specification (U, V), A, Ry, Ry), is defined by a context

¥ from the PTS (y specified by (U, .A, R;), and the proof system given as follows:

AxioMm

SiG

START

WEAK

APP

()I—éu:v | u:v€EA
()I—%a:A T a: A4,a € dom(D)
¢ 4.
M, A:v

veV,z € Var’,z € dom(T
Iz:AF,z: A )

¢ 4. (p.
't A:v TH,B:C
Iz:AF, B:C

veV,z € Var’,z ¢ dom(T)

TF,A:u T,z:AF B:v

u,v,w) €ER
r }_53 IIz:A.B : w ( ) v

PH Nz:AB:u T,2:AF,M:B

ueU
r P—g A:AM :lIz:A.B

TH, M :Ta:AB THN: A

I+, MN : B[N/x]

31



Pure Type Systems

I'FA: B 'B:u ’ ,
CoNV B B=gB,uel
I'HA:

Remark The side-condition, £ F% o : A,a € dom(X), for the SIG rule results in
() I-(;;, a:Awhenevera: A € X, L+= A" uforuelf and A =4 A’; this would

not hold for the more restrictive condition a : A € X.

Remark The results for this system are left for future work since, in this thesis,
the simple notion in definition 2.2.5 is enough for our purposes. For the moment,

just notice that the corresponding result to corollary 2.1.16, namely,
I' s A: B implies B is a top universe or I' -, B : u for universe u,

does not hold. For example, let ( be a PTS with signature ¥ specified by
U, vV, A,Ry,Ry) and assume a : Ilz:A.B € X, where the formation of the
II-abstraction involves a rule in R, which is not in Ry,. We have ( ) }-; a:llz:A.B,
but not () kg IIz:A.B : u for some universe u. Therefore, we cannot use the

method of corollary 2.1.23 to prove 'y A: B and B >y c implies I' -, A : C.

2.2.11 EXAMPLE We return to the presentation of minimal intuitionistic first-

order logic which is now given by

U= {0 oP}

V= {+°*}

A= {*:0°%" .0}
Ru= {(,",+),(+",+)), (", 07)}
Ry = {(+",+"),(+",+)}

C:\PRED

First-order logic with arithmetic, given in chapter 3, is presented as C')‘ prep With
signature ¥ = {i : #°,0 : d,succ : ¢ — 4,4+ 1 ¢ > ¢ > 4,=: 1 — { — *P}, where

1,0, succ, +, = are in Const.
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2.2.12 EXAMPLE The constant rules in the above example are extended to give

a presentation of first-order logic with Peano arithmetic in this setting;:

U= {0 o

V= {°+"}

A= {»:0°+"0°}
Ru= {(# ), (¢ ), (+,0), (+*,#7), (¥, ), (07, *, O}
Ry = {(+",+F),(**,+")}

CAPRED+PA

The signature for first-order logic with Peano arithmetic would include
{e:%°,0:¢,5ucc: v > ¢ ind : Mg — #*.(¢(0) — (z:e.d(z) — P(suce(z)))) —
Hz:e.¢(z)}.

Remark This method of presenting the induction schema for Peano arithmetic
is used in Beradi’s thesis. An alternative approach is to add the induction schema

to the proof system, rather than the signature.

2.2.13 ExaMPLE In [HHP89), it is stated that the ELF type system has the proof-
theoretic strength of simply typed A-calculus. This is illustrated by viewing ELF
as the PTS with signatures

C},p U= {*, D}
V= {x}
A= {+0}

Ru = {(*7*)’(*a D)}
RV = {(*7 *)}
which is motivated by a result of Geuvers for ELF [Geu90] which implies that,

once the signature has been formed, the (%, 0) rule is redundant.

We do not continue investigating this view of éignatures since incorporating the
rules of signature formation within the proof system of the PTS with signatures

is perfectly satisfactory for our purposes.
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2.3 Pure type systems with n-equivalence

The framework ELF is a type theory with 3n-equivalence: all matters relating
to encodings of logics are treated up to this equality. We must therefore extend
the definition of a PTS to include 7-conversion. This is not straightforward. The
Church—Rosser property for PTSs with 8 holds for the usual notion of 3-reduction

on the preterms. This propérty is lost for arbitrary preterms when the 7-reduction,
Az:AB)— B if z ¢ fu(B),

is added. For example, the term Az:A.(Az:B.M)z reduces via 1 to Az:B.M and
by B to Az:A.M, which has a common reduct if and only if A and B do. Let — g
denote the one-step reduction, defined by — 4 together with the above reduction,
whose reflexive and transitive closure is >g,. Salvesen [Sal89] adds (7-equality
to the ELF type system using equality judgements, independent of the notion of
reduction, which restricts the equality to ELF terms. She shows that the Church—
Rosser property holds for terms by a very technical and delicate argument. We
follow her approach and add 7 to the proof systems of PTSs using the equal-
ity judgements. The results, corresponding to those for the standard definition,
are not known in general. In recent unpublished work [Sal91], Salvesen proves
these results for functional PTSs with 7 satisfying strong normalisation, which, in

particular, implies the decidability of the new framework ELF™.

The set of pretemis of a PTS is extended to include preterms of the form A = B
for preterms A and B. The proof system for PTSs with 7 is obtained by removing
the CONV rule in the standard proof system for PTSs (definition 2.1.3), replacing
it by a conversion rule containing an equality judgement of the form M = N : A

and adding rules for inferring the equality judgement.
2.3.1 DEFINITION Let (U, A,R) be a specification of a PTS (definition 2.1.1).
The PTS with 7, specified by (U, A,R), is defined by the proof system given in

table 2.1 and table 2.2.

The notions of (-context and (-term are similar to those for standard PTSs.
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AXIOM

START

WEAK

App

Conv

Pure Type Systems

(YFru:v u:veEA

'FA:u
Nz:AFxz: A

veU,z € Var*,z & dom(T')

I'FA:u 'B:C
z:AFB:C

wel,z € Var',z ¢ dom(T)

'FA:u Iz:AFB:wv

(u,v,w) ER
I'FIlz:A.B:w
' Iz:A.B:u I'N'z:A+M:B
u€eEU
' Az:A.M :Ilz:A.B
I'FM:Tlz:A.B I'FN:A
' MN : B[N/z]
I'FrA:B THFB=C:u '
u €U

I'FA:C

Table 2.1: The proof system for a pure type system with 7 specified by (i, A, R).
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REFL

SYMM

TRANS

II-EQ

APP-EQ

CONV-EQ

BETA

ETA

Pure Type Systems

T'+tA:B
I'HrA=A:B

TFA=A":B
T-A =A:B

I'rA=A'":B TFrA=A":B
r'-A=A4":B

'rA=A4":v T,z:A+B=B:v
F'+z:A.B=1z:A.B :w

(u,v,w) €ER

F'FMz:AB:u TrA=A":v T,z2:AFrM=M:B
I'FAz:AM = Xx:A'M' :Iz:A.B

for u,v €U
'M=M:MNz:AB TFN=N:4
' MN =M'N": B|N/z|
'FrA=A":B T+B=C:u
ueld
TrFA=4":C
'FC:A ' z:A.D:u I'z: A+- B: D cu
U
' (Az:A.B)C = B[C/z] : D[C/xz]
'+ B:1Iz:A.C '
z & fu(B)

'k Az:A.(Bz) = B: lIz:A.C

Table 2.2: The proof system for a pure type system with 7 specified by (i, .4, R)

(continued).
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The following basic results give a few elementary properties of the entailment
relation of an arbitrary PTS with 7 specified by (U, 4, R). These are proved by
trivial adaptation of the proofs of the corresponding results for the standard PTS
with f-conversion and so are not given here. Throughout we use the notation
'atodenote ' A: BorI'F A= B : C for preterms A, B and C.

2.3.2 LEMMA [Free variable lemma] Suppose ' B : C for ' = (z,:4,,...,z,:4,).
Then

1. the z4,...,z, are distinct;

2. fv(B), fv(C) C{zy,...,z,};

3. a derivation I' - B : C has subderivation z;:A4,,...,z;_;:A4; 1 F A; : u; for

u; €U and each 7 € {1,...,n}.
2.3.3 LEMMA [Start Lemma] Let T be a context. Then

I.TFu:vforu:veE A

2. TrFz:Aforallz: A€,

2.3.4 LEMMA [Substitution]
Ifl,z: A I'+Faand '+ M : A then I',T'[M/z] - o[M/z].

2.3.5 LEMMA [Generalised substitution] If T',zq:4,,...,2,:4,,AF o and, for
3 c {1, . .,'n}, F F ti . Ai[tl’ .o ,ti_l/xl, ‘e )mi—l] then F,A[f/f] I_ a[Z/f].

2.3.6 LEMMA [Thinning] If '+ @ and T C I for context I then I' F «.

2.3.7 LEMMA [Permutation) If ',z : A,y: B,'+ aand T+ B : u for some u € U
thenT,y: B,z : AT} a.

2.3.8 LEMMA [Weak Generation] Let ' A : B.
1. IfAisuthenu:’ueAforsomeue_L{.

2. If Aiszthenz:Ce€l'forT'HC:uand uecl.
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3. f Aisz:A; Ay then ' Ay tuwand ',z : A; F Ay : v and (u,v,w) € R for

some w € Y.

4. If Ais Az:A;. Ay then T,z : A; F A, : C for some term C and I' F IIz:A4,.C : u
foruel.

5. If Ais AjAy then T' A, : [Iz:C,.Cy and ' F A, : C, for some terms C; and
Cs.

Remark The generation lemma for pure type systems with 3-equality is stronger
as it also gives information regarding B using the transitivity rule for 8-equality.
The analogous result cannot be proved for An-equality using the same technique,

as is illustrated by the following segment of a proof tree:

I'WrA:B THFB=B;:u
'rA:B; THFB;=By:v
'-A:B,

Here, I' - B; = B, : u does not follow using the transitivity rule as u and v need

not be the same universe.

2.3.9 LEMMA Let u be a top universe. Then I' I/ u : A for any preterm A and

context I'.

Remark An obvious question to ask is whether the system with 3-reduction
given on the preterms of the PTS and the system with the equality judgement
giving B are equivalent. Coquand [HP91] points out that this is a non-trivial

question and proves they are equivalent concepts for a type system containing
ELF.

Remark In recent unpublished work [Sal91], Salvesen shows that functional
PTSs with 7 and strong normalisation satisfy the Church-Rosser property and
subject reduction. From this, unicity of types, generation and strengthening hold.
In section 4.2.3, we give an alternative proof of the Church-Rosser property for

ELF* which avoids the technicalities required in Salvesen’s proof.
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The sets of preterms for PTSs with and without 7 are identical since the
differences occur in the proof systems, not the specifications. Also, the definition
of PTS morphism between PTSs with 7 is, therefore, similar to the one for standard
PTSs (definition 2.1.24). The following result, stating that the translation gives
a sound interpretation of the domain PTS in the image PTS, is used to derive

results for ELF* from those of ELF.

2.3.10 LEMMA Let f be a PTS morphism from ¢; to {3, where {; and {, are two
PTSs with 7. Then

1. TF® A: B implies f(T') F f(A) : f(B);
2. TF" A= B: C implies f(T') ¢ f(A) = f(B) : f(C).

Proof This is proved by simultaneous induction on the derivation of I' F4 « for |
a of the form A: Bor A=B:C. O

We obtain strong normalisation for ELF* via the corresponding result for ELF
using the next lemma, and so we are able to apply Salvesen’s results to the new

framework.

2.3.11 LEMMA Let f be a PTS morphism from (; to {,, where {; and {, are PTSs

with 7. If {, is strongly normalising then so is (;.

Proof This follows from the fact that f is a map preserving 8- and 7-redexes. O

The next result is unsurprising, but is stated here as it will be used later in our

proof of the Church—Rosser property for ELF™.

2.3.12 LEMMA Let f be a PTS morphism from {; to {,, where {; and ¢, are PTSs
with 7, and let A and B be two preterms. Then f(A) = f(B) implies that either
A and B are identical or the sets of subterms of A and B (definition 2.1.2) contain

universes.

The PTS presentation of a type theory is defined using a set of preterms de-
termined by the specification. Jutting [Bar91] shows that each preterm of a PTS
in Barendregt’s A-cube can be assigned a unique level such that T+ A : B im-

plies that the level of B is one more than the level of A. The intuition for this
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is illustrated by two presentations of ELF, one based on the pure type system
AIl (example 2.2.8) and the other on the original presentation with three sorts
of syntax—objects, families and kinds (appendix A). The All-preterms of level 0
correspond to objects in the original presentation, preterms of level 1 to the fami-
lies, those of level 2 to the kinds, and the preterm of level 3 to a universe in which
the kinds live. We extend this notion of levels to a certain class of PTSs with
7 by reversing the ordering on levels so that arbitrarily many universes can be

accommodated.

2.3.13 DEFINITION Let P denote the set of preterms of a PTS with 7 specified
by (U, A,R), and let 7 denote the set of preterms. The level relation # C T x W

is defined inductively as follows:
1. if u is a top universe (definition 2.1.14) then #(u,0);
2. ifu:v € .Aand #(v,n) then #(u,n + 1);
3. #(u,n) and z € Var® for v € U imply #(z,n + 2);

4. #(B,n) implies #(Az:A.B,n) and #(Ilz:A.B,n) and #(BA,n).

Notation We say the preterm A has level n if #(4,n).

It is not always the case that PTSs have top universes: for example, the PTS
specified in example 2.1.6 has one universe * and axiom * : *. The level relation

can, therefore, be empty. We restrict our attention to the PTSs whose universes all

have levels. We also impose the restriction that the universes have unique levels.

2.3.14 LEMMA Let ¢ be a PTS with  whose universes all have unique levels.
Then,

1. the preterms all have unique levels;

~ e
2. if variable z and term B have the same level then A and A[B/z] have the

same level.
Pﬂo\.. Eagu)\u& WO E o~  On W s‘cmc,w Oy pretereaS,
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Remark The uniqueness is required as the following example shows. Let
U = {u,v,w} and A = {v : w,w : w,v : w}. Then we have #(u, 0), #(v, 1),
#(w, 1) and #(v, 2), which imply #(z", 3), #(wv, 4) and #(y", 3), but not
#(y" 4)-

We show, for a certain class of PTSs, that ' A: B and #(A, n + 1) im-
ply #(B, n) for some n > 0. This is achieved, using the technique due to Jut-
ting [Bar91), by proving a stronger result whose formulation requires the following

definition.

2.3.15 DEFINITION Let A, B and C be preterms of a PTS with 1 whose universes

all have unique levels. Then
1. A: Bis okif #(A,n + 1) and #(B,n) for some n > 0;
2. A=B:Cis okif #(A,n+1) and #(B,n+1) and - #(C, n) for some n > 0;

3. for o of the form A: B or A = B : C, a is hereditarily ok if o is ok and all

substatements y : P (occurring just after a symbol ‘A’ or ‘II’) in « are ok;

4. T is hereditarily ok if T" is z:A,,...,z,:A, and z; : A, is hereditarily ok for
eachi € {1,...,n}.

More restrictions on PTSs are required if we are to show that ' - A : B implies
A : B is ok. By definition, the preterm IIz:A.B has the same level as B. It is
therefore necessary to impose the restriction that, for every rule (u,v,w) in the
specification of a PTS, the universes v and w have the same level. We call such

PTSs even.

2.3.16 LEMMA Let ¢ be an even PTS with 7 specified by (i/,.4,R). Then I F «
implies that o and T" are hereditarily ok, where a is of theform A: Bor A= B : C
for preterms A, B and C.

Proof An easy induction on the derivation of I' - a. Lemma 2.3.14 is used for
the cases where the last line in the derivation is an instance of the APP or APP-EQ
rules. The extra condition on the rules in the specification of ¢ is required for the

PI and PI-EQ rules. O
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Remark Jutting’s proof of this result for the type systems in Barendregt’s A-cube
uses lemmas specific to the A-cube for the case where the last line in the derivation
is the cONV rule. It is not clear how to generalise his method for PTSs with
fB-equality defined on the preterms. These lemmas are not required for 8n-equality

given by incorporating equality judgements into the proof system.

2.3.17 COROLLARY [to lemma 2.3.16] Let ¢ be an even PTS with 7 specified by
(U,A,R). Then:

1. T+ A: B implies #(A,n + 1) and #(B,n) for some n > 0;

2. T A= B: C implies #(A,n + 1) and #(B,n + 1) and #(C, n) for some
n>0.

The adaptation of PTSs with 7 to include signatures follows similar lines to
the one for PTSs given in section 2.2. The specification of a PTS with signatures
and 7 is the same as the one in definition 2.2.4. The proof system is obtained by
amalgamating definitions 2.1.3 and 2.2 in the obvious way. For completeness, we
present the full proof system for a PTS with signatures and 7 in tables 2.3 and 2.4,
since we use this presentation to define the new framework ELF'. The results for

PTSs with 7 lift to PTSs with signatures and 7.
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AxioMm (YFgu:v u:v€EA
( ) i_E A:u u
SIGNATURE u €U,a € Const”,a ¢ dom(X)
(YFrsaaa: A

u€U,a € Const*,a &dom(Z)

F'Fy A:w v
CONTEXT vEV,z e Var’ z & dom(T)
Fz:AbFsz: A

'kFy A:w 'ty B:C
Fz:AFy B: C

veV,z e Var’,z ¢ dom(T)

F'FgA:u INz: Ay B: v
II -RULE (v,v,w) ER
'y z:A.B:w

kg Me:AB:u  T,x:AFgM:B

A -RULE veld
'ty Az:AM : 1lz:A.B
'y M : 1Iz:A.B 'y N: A
App
'y MN : B[N/z]
'ty A:B T+ B=B:u
Conv - uelU

g A: B

Table 2.3: The proof system for a PTS with signatures and 7 specified by
U, v, A R).
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REFL

SYMM

TRANS

II-EQ

APP-EQ

CONV-EQ

BETA

ETA

Table 2.4:
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'+, A:B
'+, A=A:B
r,A=4":B
Fr,A=A:B

'ty A=A:B T+, A=4A":B
I+, A=A":B

FI—EAzA':u I‘,:B:AI-EBzB':v
['ryz:A.B=Mz:A' B :w

(u,v,w) e R

I'tylz:AB:u Tr A=A:v T,z:Ar;M=M:B
Dhg Az AM = de:AM' : Iz:A.B

forueld andv ey

FFreM=M:lz:AB TF,N=N:4A
'+, MN = M'N’: B[N/z]

-y A=A":B TF,B=C:u

uelU
Nk, A= A:C
Pk C:A [y z:A.D :u Lye:Abg B: D
: ueU
[k (Az:A.B)C = B[C/z] : D[C/x]
kg B:llz:A.C
z & fu(B)

Ik, Az:A.(Bz) = B : llz:A.C

The proof system for a PTS with signatures and 7 specified by

(U,V, A, R) (continued).
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Chapter 3

Logical Systems

The purpose of this thesis is to provide a new framework, ELF™, for representing
a wide Va.riety of logical systems: that is, logics described using proof systems.
This framework necessarily takes a particular approach to synfax and rules, which
may differ from the approach in the original presentation of such systems. Before
we introduce ELF", we therefore give a standard presentation of the logics under
consideration, using ideas underlying representations in ELF and ELF*. This
presentation does not constitute a framework since we do not specify a logic using
a finite amount of information; as we shall see, the syntax and rules of a logic have
a finitary specification in ELF™. Instead, it forms a reference point from which
to describe representations in ELF". Logics whose presentations do not fit this
‘pa.ttern are particularly interesting as they are more difficult, if not impossible, to

represent.

In this thesis, logics consist of syntax, judgements and a proof system acting
on the judgements. The syntax of a logic is a set of expressions, partitioned by a
set of syntactic classes. For example, the expressions of first-order logic fall into
two syntactic classes, namely terms and formulae. This partitioning of expressions
is also natural in the presentation of , for example, elements of the datatypes int,
list and bool. The formation of expressions is based on Aczel’s work on Frege
structures [Acz80], inspired by Martin-Lof’s theory of arities [NPS90]. With rep-
resentations in ELF?, certain variables of the framework correspond to variables
of the underlying logic so that substitution in the metatheory dictates the be-
haviour of variables in the logic. We define substitution for logics presented in this
standard form. This allows for a smooth translation to an algebraic presentation

of these logics as described in chapter 6.
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Proof systems are viewed as calculi for coﬂstructing derivations of certain com-
binations of expressions, identified by the judgements. In first-order logic, the
formulae are the judgements, sometimes written ¢true for formula ¢ to distin-
guish the concept of a formula being true from that of it being well-formed. The
judgements of Martin-Lof’s type theory [Mar85] are Aset, a € A, A = B and
a € A = B, where A, B, a and b are expressions of the type theory. A for-
mal description of the proof systems under consideration is given, from which
the derivations and consequence relation are defined. This description includes
an account of the assumptions and free variables in derivations since these must
be declared explicitly in ELFY; in particular, we account for the discharge of as-
sumptions and variables local to derivations. This last point may be unfamiliar
since a full account of the behaviour of variables is rarely given. It is illustrated
by first-order logic where the truth of Vz.¢ does not depend on the variable z,
since we treat Vz.¢ and Vy.@[y/z] as syntactically equivalent, where y is not free
in ¢. Not all logics can be represented in ELF" since their consequence relations
may have properties incompatible with the ELF* entailment relation; examples
include systems for non-monotonic reasoning. These restrictions are highlighted

in our presentation.

As is to be expected in research of this generality, many of the ideas discussed
here can be found in the literature. The novelty of our approach lies in the
combination of ideas which give a better understanding of representations in ELF™

and indicate the potential difficulty with finding such representations.

3.1 Syntax and judgements

We describe a collection of logics whose expressions and judgements are formed

by a signature, which is a quadruple of sets of function symbols:

e a set of class symbols C;

e asubset C' C C, which distinguishes the syntactic classes containing vari-

ables;

e a set of expression symbols F;
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e a set of judgement symbols J.

The set of class symbols is a finite set of function symbols with arities given by
the natural numbers. For example, the set of class symbols for first-order logic
is {to, fo}, consisting of two nullary function symbols which denote the classes of
terms and formulae respectively; for highef-order logic it is {:°, 0", =7}, where ¢
and o are nullary function symbols and = is a binary symbol. The class symbols
which form the syntactic classes containing variables are distinguished; in first-
order logic, the syntactic class of terms contains variables, whereas the class of

formulae does not.

The formation of the expressions is governed by arities formed from the syn-

tactic classes.

3.1.1 DEFINITION Let (C,C', E, J) be the signature of a logic. The set of syntac-

tic classes for this logic is defined inductively as follows:
1. the nullary class symbols are syntactic classes;

2. given an n-ary class symbol f, with » > 1, and syntactic classes cy,...,c

n?

then f(cy,...,c,) is a syntactic class.

The syntactic classes containing variables are those syntactic classes formed solely

from elements of C'.

The arities accompanying expression symbols can be viewed as simple types;
this view is inspired by Martin-L6f’s theory of arities [NPS90] and follows Aczel’s
work on Frege structures [Acz80], modified to retain the partitioning of expres-
sions via syntactic classes. Each arity has the form (oy,...,q,) — ¢ for n > 0,
where a;,...,a, are arities (called the domain arities) and c is a syntactic class.
Associated with each arity is a level; for n = 0 the level is 0 and, for n > 0, the
level is I + 1, where [ is the maximum level of o, ...,a,. The set of expression
symbols is a countable set of function symbols, with each symbol accompanied
by an arity indicating the application and binding power of that function symbol.
For example, the set of expression symbols for first-order arithmetic can be given

as
{Ot, succt—bt, +(t,t)—)t’ z(t,t)—bf, D(f,f)—-)f’ V(t—of)—bf, a(t—)f)—bf}.
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The fact that V and 3 are binding operators is indicated by the domain arity of
level 1. For our purposes, the arities can be limited to those of level not exceeding
2, since we require only variables of the logic to occur bound. The set of expression

symbols need not be finite. For example, the set for higher-order logic is

U{appgj;ﬂ,a)—»ﬁ, /\t(xaﬁ—*ﬁ)—-o(a:ﬁ), =(a¢a=>o), D(o=>o:o)’ VE:!:O):O, 3(o‘a=>o)=>o}

a b
a,p

where a and § are syntactic classes. .

The judgements are defined using a countable set of function symbols, this time
called judgement symbols, with accompanying arities of the form (a,,...,a,) for
n > 1, where each a; is a syntactic class. The set of judgement symbols for

first-order logic is {true(f )}', while that for Martin-Lof’s type theory is
{s et(e”), e(ezz»,ezp)’ Equal s(ezp,ezp), equal s(ezp,ezp,ezp)},

where ezp is the syntactic class of expressions. We do not insist that the set of
judgement symbols be finite since we can envisage judgements indexed by syntactic

classes (for example, equality judgements).

The formal definitions of the sets of expressions and judgements are straight-
forward. The éxpressions are generated from countably infinite sets of variables,

one, denoted by Var®, for each syntactic class ¢ containing variables.

3.1.2 DEFINITION Let (C,C', E, J) be the signature of a logic. The set of expres-

sions for this logic is defined inductively as follows:

1. if z is a variable in Var® for syntactic class ¢ formed from C’, then z is an

expression with arity c;

2. if f € E with arity (aq,...,a,) = coflevel <2, and ey,...,e, are exprés-
sions of arity ay,. .., a, respectively, then f(e,...,e,) is an expression with
arity ¢;

3. if e is an expression with arity c of level 0, and z,, . .., z,, are distinct variables
with arities ay,...,q,, each of level 0, then (z,,...,z,)e is an-expression
with arity (ay,...,a,) — c.
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The logic expressions are those expressions with arity of level 0, and the term ez-
pressions are those logic expressions inhabiting syntactic classes containing vari-

ables.

Remark In the last clause z,,...,z, bind any free occurrences in expression e.
We do not distinguish a-equivalent expressions, by which we mean expressions
equivalent up to renaming of bound variables. We delay the formal definitions of

these notions until after the judgements have been defined.

Notation Let e be an expression with arity c of level 0. We say that e inhabits
c. We employ infix and other notational devices as appropriate. For example, we
write ¢ A 1 rather than A(4, %) and 3z.¢ rather than 3((z)@). For convenience,

we sometimes call the variables of the logic the logic variables.

Notice that the expression symbols with arities of level > 0 are not expressions of
the logic. For example, in first-order logic with arithmetic, the symbols succ, D
and V are not expressions. Essentially, we have constructed the B7-long normal
forms of terms of second-order A-calculus, since (zi,...,z,)e conveys the fact
that the z,,...,z, are bound in e, as does Az;...Az,.e. This analogy is slightly
misleading, however, as our notation does not assume any particular behaviour of
the variables except binding and a-conversion: there is no notion of 3-equivalence,
as we cannot form [(-redexes, and 7-equivalence is superfluous as we only abstract

expressions which, by definition, have been fully applied; for example, we have
V((z)z = y), but not V(= y).

We have given a general description of the expressidns of a logic. From this,
the judgements identify the combinations of logic expressions which are actually

used in the proof system.

3.1.3 DEFINITION Let (C,C’, E, J) be the signature of a logic. The set of judge-

ments for this logic is
y L@y, Q) :
{j(er,-..,€,) 17 € J for syntactic classes a;,...,a, and
logic expressions e, ..., e, inhabiting a,..., a, respectively}.
Remark These judgements are sometimes referred to as basic judgements, to

distinguish them from Martin-Lof’s higher-order judgements mentioned above and

discussed in the next section.
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3.1.4 EXAMPLE We have already seen that the terms and formulae of first-order

arithmetic are generated by

c {7°%

¢ {t)

E {0, succ™, +®9t —W0=1 S(N=F iD=t J0=-1y,
J  {true}. |

3.1.5 EXAMPLE Simply typed A-calculus is sometimes presented informally as

o:=t|o|o = o;
M ::éLL\z:U.MlMN,

with judgements of the form M : o. Our presentation uses the quadruple

C  {type’,term®};
C' {term®};

type _type (type,type)—type (term,term)—term \ (type,term—term)—termy
E  {JY¢ o¥PF . 0Pe ,app e , AVEPS }

J  {col onltermtyp e)}.

3.1.6 EXAMPLE Another presentation of the synta,X of Church’s simply typed
A-calculus involves one syntactic class of expressions with no distinction between
the types and terms. This is precisely the view taken by Barendregt et al. [Bar90]
in their uniform presentation of Church’s type theories as pure type systems
(PTSs). The expressions (or preterms) and judgements of the PTS with speci-
fication (U4, A, R) (see chapter 2) are determined by the quadruple

C {eap’};
c' {ewpo};
E {uezp, H(e:tp,ezp—»ezp)—rezp, A(ezp,ezp—»ezp)—»ezp, app(ezp,ea:p)—»ezp = Z/{},

J  {colon(==P<=P)},

Remark An alternative set of judgement symbols for PTSs is {inhab(**? )},- where
the inhabitation of an expression is significant: that is, expression B is inhabited if
'+ A : B for arbitrary expression A and context I'. This emphasis on inhabitation

is used in the analysis of representations of consequence relations in ELF*.
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3.1.7 EXAMPLE The syntax and judgements of higher-order logic, whose expres-

sions are the well-typed terms of simply typed A-calculus, are given by

c {4 =,
o {LO,OO,éz};
E Ua,ﬁ{app(ac,‘;?’ﬂ,a)-»ﬁ, )\E:;ﬂ)—r(a:ﬂ), =a=>a=>o, Do:o:o, V'(xa-—->o)=>o, aia=>o)=>o}

@ bl

where o and [ range over the syntactic classes;

J  {true®}.
(In Church’s formulation of higher-order logic [Chu40], one A-abstraction is used,

rather than infinitely many indexed by the syntactic classes.)

3.1.8 EXAMPLE In the previous example, the set of expression symbols is defined
by indexing over the syntactic classes. A more complicated indexing occurs when

we present the syntax of primitive recursive functions over some domain ezp:

C {ezp’};
C' {exp’};
E  {zero™, succ™ 7Py U {p"* TP tik € 0,0 < i <k} U Consry,

: e
k

-

’“
where exp; denotes (ezp,...,ezp) for k > 0 and

~ Const;, denotes an infinite set of function symbols of arity exp; — f;:{:p;J‘
J {:(eép,ezp)}' o T )

3.1.9 EXAMPLE Inevitably there are logics whose usual syntactic presentation
does not coincide with the above format. Part of the work of encoding a logic in
ELF* involves providing a presentation which matches the one given, although
this is not necessarily possible in all cases. For example, in the A;-calculus [Bar84]
and the linear lambda calculus (Aj-calculus) [AHMS89] are examples where the
application of function symbols is restricted, a mechanism which is not allowed in

the above presentation. The A-abstraction for the A;-calculus is
Az.M is an expression if M is an expression and z € fv(M),
and that for the A;-calculus is

Az.M is an expression if M is an expression and variable z occurs free once in M.
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We now formalise the behaviour of variables in the expressions and judgements
of a logic. It seems acceptable to have common notions of free and bound variables
and a-conversion. A common behaviour of variables of the logic is not so apparent.
For example, in first-order logic the free variables may be regarded as place holders
for term expressions of the same syntactic class. In the w-calculus [MPW89),
variables are just names which are substituted for other names, while in Hoare
logic [Apt81] variables play two roles: a variable denotes both a location and the
value within that location. Also, certain logics used in situation theory [Acz90]
have a component-wise substitution; that is, 'for expression f(ay,...,a,), each

expression a; is replaced by expression b; to obtain f(b,,...,b,).

When representing logics in ELF™, the logic variables are identified with certain
variables of the type .theory. This determines a particular behaviour of the logic
variables which we now formalise. It is given at this general level to facilitate the
translation from the syntactic presentation of logics described here to the algebraic

presentation described in chapter 6.

Remark In the concluding chapter on future research (chapter 7), we propose
a new notion of framework which does not rely on a common behaviour of the
logic variables; the aim is capture binding and a-conversion at the logic level and

substitution at the schematic (or metatheoretic) level.

The free variables are defined as usual, with (z,,...,z,)e denoting the fact

that the z,,...,z, are bound variables in e.

3.1.10 DEFINITION The set of free variables of an expression or judgement, a, of

a logic, denoted by fuv(a), is defined inductively as follows:
1. if a is a variable then fv(a) = {a};

2. ifais f(ey,...,e,), where f is an expression or judgement symbol and n > 0,

then fv(a) =U_, fvu(e;);
3. if ais the expression (zy, ..., z,)e with n > 0 then fv(a) = fv(e)—{z,,...,z,}.

We now give the definition of simultaneous substitution for expressions and judge-
ments as it is used extensively in chapter 6. The substitution of one expression for

a variable is an instance of this general definition. For more details see [Sto88)].
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3.1.11 DEFINITION [Simultaneous substitution] Let ¢;,...,¢t, be expressions of a
logic and let zq,...,z, be distinct variables, with n > 0, such that, for each
i € {1,...,n}, the z; and ¢; belong to the same syntactic class. Also, let a denote
either an expression or a judgement. Define a[ty,...,t,/z,,...,2,], written more

concisely as a[t/T], by induction on the structure of a as follows:
1. if a is the variable z; then z;[t/Z] = z;;
2. if a is the variable y, for y & {zy,...,,}, then y[1/Z] = y;

3. ifais f(ey,...,e,), where f is either an expression or judgement symbol

and m > 0, then f(e;,...,e,)[t/T] = f(e1[t/T],. .., en][1/Z]);

4. if a is the expression (yi,...,¥Ymn)e, With m > 0, then
((y1,-- > ym)O)[t/E] = (21, .-, 2m)e[2q, - - - zm/yl, e ,ym][f/f]), where the
21, .., %y, are distinct variables such that, for all j € {1,...,m}, variable 2;

is not contained in {z,, ..., z,} UUL, fo(t;) U fu(e).

In 4, the z4,...,z, are chosen to be the first variables from the appropriate syn-
tactic classes satisfying z; ¢ {z,...,2,}UUL_; fo(t;)U fv(e)U{z,...,2;_,} using

some standard enumeration of the variables of the logic.

Notation We assume that the notation a[Z/z] implies that f and Z denote finite
sequences of expressions and distinct variables of the same length n, for n > 0,
such that, for each 7 € {1,...,n}, the ¢; and z; belong to the same syntactic class.
We say that [t/Z] is a substitution. It is a renaming substitution if T is a finite

sequence of distinct variables.

3.1.12 DEFINITION M is a subezpression of N if M € Sub(N), where Sub(N),
the set of subexpressions of IV, is defined inductively by
Sub(z) = {z};

SUb(f(elv SRR en)) = {f(el) RS en)} U U;’;l Sub(ei);
Sub((zy,...,z,)e) = {(z1,--.,T,)e} U Sub(e).
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3.1.13 DEFINITION

1. A change of bound variables in M is the replacement of the subexpression
(1,...,2,)N by (y1,-..,¥,)N[7/Z|, where n > 0 and the y; are distinct

variables which do not occur in N.

2. M is a-congruent to N, denoted by M =, N, if N results from M by a

sequence of changes of bound variables.

The following proposition is trivial to prove by structural induction on expres-

sions and judgements.

3.1.14 PROPOSITION Let a be a judgement of a logic or an expression with arity

a. Then a[%/Z] is also a judgement or an expression with the same arity a.

A more detailed analysis of simultaneous substitution can be found in [Sto88].

Here, we just list those results that will be required later in this thesis.

3.1.15 PROPOSITION Let a be an expression or judgement of a logic. Then, for
n >0,

1. a[Z/T] =, q;
& o\ € i\l"'l“l

2. a[t/ZT) =, aif z; & fv(a)é where T denotes the variables z,,...,z,;

e o\ ief\,.-.,nk
3. al[7/T|[z/9] =, a[z/Z) if y; & f'v(a)é where 7 denotes the variables y,,. .., y,;

4. a[t/T][35/7] =, o[35/7][t[5/7)/Z] if z; & fv(3), where T denotes the variables

T1y.00yTp;

5. a[t/7][3/7] =, a[t[5/7]/Z] provided y; € fv(a) implies y; € {zy,...,2,},

where 3 denotes the variables y,,...,y, and i € {1,...,n};

)

6. alt1/z]...[tn/x,] =4 aft/Z] provided the z; are distinct and z; & U}, fu(t;)
forall j € {1,...,n}.

Remark Part 5 is used extensively in chapter 6 for the categorical presentation

of logics and their representing type theories.
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3.2 Proof systems and consequence relations

In this section, we give a formal account of proof systems, from which we define the
derivations and consequence relation of a logic, and which highlights the restric-
tions imposed by requiring consequence relations to be compatible with the ELF*
entailment relation; in particular, we concentrate on natural deduction systems.
We account for assumptions and free variables in a derivation since these con-
cepts must be explicitly declared in ELF™; this involves explaining the notions of
discharge of assumptions and variables local to derivations. The last point is illus-
trated by first-order logic: the truth of a formula V.4 does not rely on z since Vz.¢
and ‘v’y.qb[y/ z], for y not free in @, are syntactically equivalent. We also link these
ideas to Martin-Lof’s notion of higher-order judgements (also called hypothetico-

general judgements in [Mar85]), written in the form Jy,...,J,, —,, . J toindi-
cate that basic judgement J is provable, generally in z,,...,z,, from assumptions
Ji, -y Jm; proof systems are represented in ELF™ by regarding rules as tuples of

basic and higher-order judgements. Throughout this section, we assume that a
logic is based on some arbitrary signature which defines sets of syntactic classes,

logic expressions and basic judgements.

Assumptions and free variables are declared explicitly in ELF" and so must
be taken into account here; derivations in a proof system are therefore based on

the notion of sequent.

3.2.1 DEFINITION A sequent of a logic has the form I' = 5 J, where I is a finite

set of judgements, J is a judgement and X is a finite set of logic variables such
that fu(I') U fv(J) C X, where fo(T') is Uz,er fo(J;).

Notation For a sequent I' =>x J, the set of judgements I' is the set of as-
sumptions for the sequent. We often use the notation I, J,...,J, = X212
to denote a sequent with the set of assumptions I' U {Jy,..., J,} and set of free
variables X U {zy,...,Zn}

Remark We have restricted ourselves to sets of assumptions. This is a necessary
property if we are to represent logics in ELF*, although it excludes, for example,

various linear logics [Gir87] where assumptions can only be used once. Regarding
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derivations as trees, it is perhaps more natural to regard the collection of assump-
tions as a ‘multiset’: that is, a collection of judgements in which the number of
times each element occurs is significant, but the order of elements is not. We
cannot represent a multiset of assumptions using a context in a type theory since
we have unrestricted use of declared variables in this context. An alternative ap-
proach is to concentrate on ordered sets, that is, collections of distinct judgements
where the order is important. However, this complicates matters and the need
for it seems to be rare. The permutation lemma (lemma 2.1.17) for PTSs ensures
that we do not encounter problems with representing sets of assumptions using

contexts.
3.2.2 DEFINITION A ruleis a set of (n + 1)-tuples of sequents where n > 0.

Rules are typically written in the form

seq; . ..seq,

seq

where schematic variables and side-conditions may be employed. We call such a
presentation the schematic form of the rule, seq, ... seq, are the premises and seq

the conclusion.
3.2.3 DEFINITION An instance of a rule is an element of that rule.

3.2.4 EXAMPLE The D I-rule of natural deduction-style first-order logic [Pra65]

can be written as

I, ptrue =5 Y true
I'=x (¢ D Y)true

oI

This notation indicates that, for particular instantiations ¢’ and 9’ of the schematic
variables ¢ and 4, the formula, ¢' O 9, is true using assumptions I" if ¥ is true
using assumptions I U {¢'true}. The discharge of assumptions is reflected by
insisting that ¢'true occurs in the assumptions of the premise; ¢ true need not

occur in the assumptions of the conclusion.
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3.2.5 EXAMPLE The VI-rule

I' =5y, dtrue
VI X2 0

=y Vz.dtrue

denotes that Vz.¢' is true using assumptions I and free variables in X if ¢' is true
using the same assumptions and free variables in X U {z}. Variable z is local to
the proof of ¢ true from I since it has no importance in the quantification Vz.¢':
the formulae Vz.¢' and Vz.¢'[y/z], for y not free in ¢, are syntactically equivalent

by a-conversion.

These two examples illustrate our treatment of the discharge of assumptions and
the binding of variables in derivations. An alternative view of rules, and one that
underpins representations in ELF?, is to emphasise these concepts of discharge
and variable binding using Martin-Lof’s higher-order judgements. In this view,
rules are (n + 1)-tuples of basic and higher-order judgements. The higher-order
judgements are of the form J;,...,J,, —=,, . Jforn,m >0, where J,...,J,,,J
are basic judgements. (When n and m are 0 we omit the arrow). They indicate
that basic judgement J is provable, generally in z,...,z,, from assumptions
containing Jy, ..., J,,. Two particular kinds of higher-order judgements are often

highlighted: the hypothetical, J — K, and the general, — 5 J.

Remark To contrast the two concepts of rule, observe that in definition 3.2.2,
the assumptions and free variables are explicitly given whereas, using Martin-Lo6f’s
higher-order judgements, just the information regarding discharge and variable
binding is present. We use the first approach to provide the formal definitions of
derivation and consequence relation, since we concentrate in this thesis on repre-
senting standard consequence relations, defined from basic judgements, in ELF*.
The second approach is used to describe the representation of rules in ELF*; in the
chapter on future research (chapter 7), we propose investigating a higher-order con-
sequence relation, defined from Martin-Lof’s basic and higher-order judgements,

to help analyse the representations of derivations in ELF™.

v

3.2.6 DEFINITION A formal system is a finite set of rules.

Remark We define proof systems as formal systems satisfying the cut condition,

which states that derivations can be combined: given derivations of I' = J and
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A,J =x K, we obtain a derivation of 'y A =>x K. A precise definition will be

given once derivations have been defined.

We view derivations as trees of sequents whose formation is governed by the
rules. An alternative view is that derivations are sequences of sequents, where each
sequent is obtained from its predecessors by the application of a rule. The first
approach gives more information regarding the assumptions used at each stage

and so is more appropriate here.

3.2.7 DEFINITION Let P be a formal system. A derivationin P of sequent I’ =5 J

is defined inductively as follows:
1. T=>x J)if JeT,

2. if II; is a derivation of I'; =, J; for i € {1,...,n} and
(Ty =x, J1,-.- Iy =x, Jo, [ =x J) is an instance of a rule in P, then
(I1,...,II, | = J) is a derivation.

Notation When n = 0, the vertical bar is omitted. We often write
(I, ...,II, | T =x J) in the form

I, ...,

I'=>x J

omitting the horizontal line when = is 0.

3.2.8 DEFINITION Let P be a formal system and let I' =y J have derivation II.
The set of free variables of Il is X.

3.2.9 EXAMPLE The set of free variables in a derivation of I' =y J does not
depend solely on the free variables in the assumptions I' and conclusion J, as
the following derivation illustrates. Let ¢ be a formula in first-order logic with
fv(¢) = {z}. The derivation

{Vz.¢} =(,3 V2.0
{Vz.9} =) ¢l2/7]
{Vz.¢} =,y 32.4[z/2]

requires the free variable 2z for the second line.
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3.2.10 ExaMPLE The distinction between free variables is important. For exam-

ple, consider the derivation

T,$,Yz.¢ =x, Vz.¢
I, $,V2.6 =x, ¢lz/al
T,$,Vz.¢ =, 32.8]z/a]
T=x3z.¢ T,¢=x,V2.6D Iz.d[z/1]
T =y Vz.¢ O 32.9[2/]

When z # = then z must be in X, but when z = z this is not necessary.

3.2.11 DEFINITION Let P be a formal system. The consequence relation of P,

written I' -, J for a set of judgements I', judgement J and set of logic variables
X, is defined by

I'k, J if and only if a derivation of I' =y J exists in P.

Remark We concentrate here on analysing the representation of this standard
consequence relation in ELF*. Later, in section 5.2, we investigate a consequence
relation with explicit reference to proofs and extend the analysis of representations
accordingly. This gives an indication of the feasibility of mimicking derivations
in a logic using its ELF? representation. An alternative approach to studying
the representations of derivations is to explore a higher-order consequence rela-
tion, based on Martin-Lof’s basic and higher-order judgements. The concluding
chapter on future research explains this further, together with a schematic no-
tion of consequence relation. Our approach differs from Avron’s abstract view of

consequence relations [Avr91], which need not be defined from proof systems.

As has already been mentioned, we view the cut condition as a fundamental

property of the proof system of a logic.

3.2.12 DEFINITION A proof systemis a formal system whose consequence relation

satisfies the cut condition

CUT 'ty Jand A,JF, K imply I', A Fy K.
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Remark The analogous property of the ELF' entailment relation is given by
the substitution lemma (lemma 2.1.10).

We have already imposed some restriction on the proof systems we consider, mo-
tivated by the properties of the entailment relation of PTSs. Further restrictions
are required by the properties stated in the thinning lemma (lemma 2.1.12) and

the generalised substitution lemma (lemma 2.1.11).
3.2.13 DEFINITION A consequence relation is intuitionistic if it satisfies
1. (weakening) '+, J implies A -, J for I’ C A;

2. (substitution) I' -, J implies I'[#/Z] -
then fu(?) is U;_, fu(t;).

X/{E}0fo(D J[t/Z], whereiffisty,...,t,

Remark Observe that I' -, J implies I' -, J for X C Y, by condition 2.

Finally, we distinguish a particular style of proof system, called a natural deduc-
tion system, based on rules expressed using the schematic form mentioned earlier.
All proof systems with intuitionistic consequence relations have equivalent formu-
lations (in the sense that their consequence relations coincide) as systems using
this style; it is with respect to these formulations that ELF* representations are

given.

A natural deduction rule is a rule constructed from the schematic form

seq; ... seq, . ..
_ side-condition

seq

where seq is I' =x J and each seq;, for ¢ € {1,...,n}, has the shape
/ . .

L Jdy, .., d, =X2,...,z, J for n,m > 0. A natural deduction system is a

proof system consisting of natural deduction rules and (possibly) the structural

rules
I‘=>X.J
WEAK E—————
NA=sxJ
=y J AJ=x K
CcuT

A=y K
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I'=sxJ
L(t/Z] = x /@m0 /7

SUBS

Remark Natural deduction systems do not necessarily lead to intuitionistic con-
sequence relations. Weakening, cut and closure under substitution may not hold
due to ‘akaward’ side-conditions limiting the assumptions. For example, the
presentation of call-by-value A-calculus in [Plo74] consists of the usual untyped

A-terms and rules including the restricted 3-rule
(A\z.A)B = A[B/z] if B is a value,

where a value is an expression which is not an application. As Plotkin points out
in [Plo74], the free variables should range over values and not arbitrary terms.
Otherwise, for M = (Az.Az.z)(z), N = Az.z and L = (A\z.z)(Az.z), we have
M = N, by the (-equality, but not M[L/z] = N[L/z], since N[L/z] is in normal
form and M[L/z] cannot be reduced. In [AHM89], the calculus is represented in
ELF by limiting substitution to values.

3.2.14 EXAMPLE A fragment of the natural deduction system for first-order logic
is

', ptrue = x Yitrue

DI

I'=x (¢ DoY) true

F'=sx (¢ DY)true T =x dptrue
OF

I' =% Ytrue

VI I'=x, dtrue

I' =x Vz.gtrue
VE I' =5 Vz.gdtrue

I =y @[t/z]true
. ['=x ¢[t/z]true

I'=x 3z.dtrue
. I'=x 3z.gtrue T, otrue =>x, Ytrue

['=x Ytrue
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There is a direct encoding of first-order logic in ELF' (example 5.2.4) which
preserves the structure of derivations. Natural deduction systems with no side-

conditions are easy to encode in ELF*, once the syntax has been represented.

3.2.15 EXAMPLE The natural deduction system of S [Pra65| includes the neces-

sitation rule

I' =y dtrue ) L
NEC I" consists of modalities,

I' =% O¢true

where a modality is a formula beginning with 0. This logic is represented in
ELF* by an indirect encoding which is adequate (definition 5.1.4), but not nat-
ural (definition 5.2.3). It is usually the case that natural deduction rules with
side-conditions which limit: the assumptions in the premises are more difficult to

represent.

3.2.16 EXAMPLE It is standard practice to concentrate on theoremhood when
using Hilbert systems. We follow Avron’s approach [Avr91] for incorporating
assumptions into these systems and describe Hilbert systems as special cases of
natural deduction systems with the naturai deduction rules restricted to those of

the form

F'=xJ;..T=>xJ,
'=sxJ

side-condition

that is, no discharge of assumptions or binding of variables occur in these systems.

Remark As Avron cautions, regarding Hilbert systems as special natural deduc-
tion systems makes the frequent problem of finding a natural deduction system for
a consequence relation defined from a Hilbert system redundant. A deeper anal-
ysis of the rules and connectives is required to highlight the differences between

these types of systems. This is beyond the scope of this thesis.

The Hilbert system of propositional logic [Ham80] can be formulated as the

following natural deduction system:
Ay I'=x (¢ D (¢ D¢))true

A; F=x((¢2(¥>60))D(¢D¥)D(¢D0))true
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I'=x (¢ DY) true ' =x ¢true
=y Ytrue

MP

where, in this case, X denotes a set of propositional variables. This system has
a direct representation in ELFY using a fragment of the signature ‘given in exam-
ple 5.1.9 to represent Hilbert-style S;. This natural deduction system is extended
to give a proof system for Hilbert-style S; [Che80] by incorporating the rules

Asg ['=x (O¢ D @) true
Ay I'=x (O(¢ D ¢) D (O¢ D O¢)) true
As -I‘ =x (O¢ D 00¢) true

and either the rule

'=>x¢
NEC X ¢ is a theorem,

['=yx 06
which results in a natural deduction system with an undecidable side-condition,
or the rule

0=x ¢

NEC —_—
I'=>x 0O¢

which is not a natural deduction rule. In examples 5.1.9 and 5.2.7, we indicate
that the representation of this presentation of Hilbert-style S, in ELF* is not a

direct encoding, as the behaviour of the assumptions would suggest.
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Chapter 4

The Framework ELF"

We propose a new framework, ELF', as a type theory for representing logics.
It is based on ELF [HHP89] and follows the same pattern of representation in
that a logic is specified by an ELF* signature which gives rise to a correspon-
dence between the logic and the resulting type theory. With ELF™, it is possible
to give a general definition of this correspondence with representations providing
equivalences between logics and their representing type theories. This extends
the adequacy theorems [HHP89] for ELF encodings which are only applicable to
particular representations and cannot be generalised. The main point is that the
terms in the ELF universe T'ype have many uses: they represent the basic judge-
ments and syntactic classes, they are extra terms given by the machinery of ELF
and they are extra terms required in an encoding. This means that information
is lost during representation and so it is impossible to identify, from the repre-
senting type theory, the part of the entailment relation which corresponds to the
consequence relation of the underlying logic. ELF™ has three universes in place
of T'ype, which allows for more distinction between terms and enables us to give

general definitions of the equivalences we seek.

Before we introduce the new framework, we discuss the representation of first-
order logic in ELF given in [HHP89]. This simple encoding illustrates the problems
with ELF, and also serves as an introduction to representations in ELF* since
many of the ideas apply. Readers familiar with ELF may skip to section 4.1.3,
which motivates the need for a new framework. In section 4.2, we introduce the

type theory ELF" presented as a pure type system with signatures and 7. Recent
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unpublished results of Salvesen [SaL191],1 which extend her work on incorporating 7
in ELF to functional PTSs satisfying strong normalisation, imply that the system
is decidable. We give an alternative proof of the Church-Rosser property for ELFY,
a key result for showing decidability, which avoids the technicalities in [Sal89]. Sec-
tion 4.2.2 shows that our new framework ELF* overcomes the problems identified
in section 4.1.3. In the following chapter, we provide the formal justification for

the new framework.

4.1 Representation in ELF

In both frameworks, denoted indiscriminately by ELF(+), a logic is specified by
a signature. The logic expressions, judgements and proofs of the logic are all
represented by terms with the type checking rules enforcing the well-formedness
conditions; in particular, proof checking is reduced to type checking. The variables
of the logic are identified with certain variables of the type theory and the binding
operators are represented using A-abstraction, inspired by Church [Chu40] and
Martin-Lof’s system of arities [NPS90]. The advantage of this approach is that
in many cases it enables the machinery associated with handling binding opera-
tors (such as a-conversion and capture-avoiding substitution) to be shifted to the
metatheory, rather than be repeated for each presentation. Of course, only binding
operators that behave similarly to A-abstraction can be represented in this way.
Systems with non-standard variable binding have not been fully investigated; the
representation of Hoare logic in ELF [Apt81] involves a complicated specification

and it is not clear whether the 7-calculus [MPW89] can be represented in ELF(P,

Our representation of the rules and proofs focuses on the notion of judgements
stressed by Martin-L6f [NPS90] and described in chapter 3. Proof systems are
viewed as calculi for constructing derivations of basic judgements and rules are
given by schemata formed using Martin-Lof’s higher-order judgements. Basic

Judgements are represented by terms inhabiting a universe (T'ype in the case of

In very recent work [Geu91], Herman has proved the Church-Rosser property for

functional, normalising PTSs
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ELF using the ‘judgements-as-types’ principle) whose inhabitants correspond to
proofs. The structure of the type system of the two frameworks allows for a
uniform treatment of the higher-order judgements as II-abstractions so that rules

can be represented as constants of the appropriate type.

We present ELF as a PTS with signatures and 7 (also given in section 2.3).
The advantage of the PTS notation is that it provides a simple description of
the framework which is easy to understand (contrast this presentation with the
original presentation in appendii A) and which emphasises the differences and

similarities between ELF and the new framework ELF*.

4.1.1 DEFINITION The framework ELF is the PTS with signatures and 7 (exam-
ple 2.2.8) given by the specification

U= {Type, Kind}

V= {Type}

A= {Type: Kind}

R = {(Type, Type), (Type, Kind)}

We now proceed to describe the encoding of first-order logic in ELF, specified
by X .1, assuming the language of expressions is that of arithmetic (examples 3.1.4
and 3.2.14). It will be clear that the method applies to any first-order signature.
Many of the ideas discussed here alsp apply to the new framework, as representa-

tion in ‘ELF™ is similar to that in ELF.

4.1.1 Representation of first-order logic in ELF

The representation of the syntax of first-order arithmetic is straightforward. The
syntactic classes of the first-order terms and formulae are represented in ELF by
the two constants

t : Type

o : Type
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whose inhabitants correspond to individuals and formulae. These inhabitants are

formed by introducing a constant for each expression symbol of the logic:

0 : ¢
sucec L — 1L
+ L= —

t—=¢—o0
0—0—0

D)
V: (¢—=0)—o0

In ¥p,, there is no declaration of terms to denote variables; variables of first-
order logic are identified with certain ELF variables. Thus, for example, the ELF
term +(succ(z'))(0) in a context declaring &' : ¢« represents the open expression
succ(z) + 0. This means that we can use the A-abstraction of ELF to give the
binding operators so that, for example, the universal quantifier is handled by a
constant whose domain is of function type (¢« — 0); the formula Vz.z = z is
represented by the term V(Az:.. = (z)(z)). This allows us to avoid explicitly
formalising the ma,chinery associated with binding operators in each individual

case.

As emphasised in chapter 3, we view proof systems as calculi for generating
derivations of basic judgements. The ELF approach for representing these judge-
ments is based on the ‘judgement-as-types’ principle where the basic and higher-
order judgements (discussed in chapter 3) correspond to objects of the universe
Type; the inhabitants of these objects correspond to proofs. In X, the basic

judgements are given by the constant
true : o — Type

so that, for term ¢' in o corresponding to formula ¢, the judgement true(¢')

corresponds to ¢true.

The method for representing proofs as ELF terms inhabiting judgements relies
on the uniform representation of the higher-order judgements. Recall that, if J
and K are basic judgements, then the hypothetical judgement J — K expresses a
form of consequence, that K is provable under the assumption J, and the general
judgement — . J expresses the fact that J is provable generally in z for variable

z from syntactic class 0. The hypothetical judgement is represented in ELF by

67



The Framework ELF™

J' — K’ for terms J' and K’ corresponding to the basic judgements J and K, and
the general judgement by Ilz":0’.J' for terms J, ¢’ and z' corresponding to the
basic judgement J, the syntactic class o and the variable z. More generally, we
represent the hypothetico-general judgement J,...,J, —,01  com 3 forn,m >0

by a term of the form Iz :A; ... Mz : A0, — ... = J — J.

For the purpose of encoding, we regard rules . in their schematic form.
With direct encodings, one constant is declared for each rule in the proof sys-
tem; this is the case for first-order logic and higher-order logic, but is not so for
Hilbert-style S, (see examples 5.1.7 and 5.1.9). For the moment, we concentrate
on representing the rules for first-order logic, given in example ‘3.2.14, which are
given by the schematic form:

O
J

for schematic judgements Jy,...,J, and J. This schematic form is represented by

R

a constant R’ inhabiting a type
My,:B; .. .Hym:Bm.J; — ... J; = J,

where the ‘J{, .. .,J:L, J' are terms corresponding to the schematic judgements
“and the y;,...,y,, close the term: that is, fv(J') U UL, fv(.fi') = {Y1,--,Ym}-
An instance of the above rule corresponds to a term R'(a,)...(a,,) inhabiting
(J{ = ... = J = Jay/y]...[@n/Ym] for a; inhabiting . in the appropriate

context.

We give a detailed account of the representation of the natural deduction
system for first-order logic. The rule for implication elimination has two basic
schematic judgements for its premises with two schematic variables denoting for-

mulae. Its constant in Lz, is

DE : IIg,¢:otrue(D(¢)(¢)) — true(d) — true(y)

The term D E(¢')(¥')(p)(q), where ¢’ and ¢ correspond to formulae ¢ and ¢ and
p and ¢ to proofs of ¢ D Y true and ¢true respectively, inhabits the judgement
true(v') and represents a proof of i true. The introduction rule for implication
is similarly schematic in two formulae; this time its premise is viewed as a hypo-

thetical judgement. Its corresponding constant is

DI : I, 9:0.(true(p) — true(v)) — true(d D )
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~ using infix notation for constant O. A term of the form D I(¢)(¢')(Ap:true(¢').q)
inhabiting t'rue((,b' D ') corresponds to a proof of ¢ O true, where the
A-abstraction provides a ‘proof’ of the hypothetical judgement ¢true — ¥ true:

that is, a function which takes a proof of ¢true and gives a proof of ¢ true.

We have seen that binding operators are represented using the A-abstraction
with, for example, the formulae Vz.¢ given by V(/\x:L.¢'). In the representation
of the rules for universal and existential quantification,; the schematic formula is
given by the term F : ¢« — o, so that substitution in the logic is transferred to

B-reduction in the type theory. The constant for the VE-rule is
VE : IIFu — oIltwtrue(V(F)) — true(Ft)

If Fis Az:t.¢' and p inhabits true(V(Az:t.¢')) then VE(Az:t.¢')(0)(p) inhabits
true((Az:e.¢')(0)), which B-reduces to true(¢'[0/z])

The declaration of the constant corresponding to the universal introduction

rule relies on the uniform treatment of general judgements in ELF :
VI : IF:u— o(lz:true(Fz)) — true(V(Az:.Fz))

For term p : true(¢') in context I',z : ¢, we have VI(Az:..¢')(q) inhabiting
true(V(Az:t.¢') in context T' where g is Az:e.p in Mz:t.true((Az:e.¢')(z)); here ¢
corresponds to a ‘proof’ of the general judgement —, ¢true: that is, a function

which, given any term, provides a proof of ¢[t/z] true.
The specification of the 3I-rule follows from the ideas already mentioned:
I : HOFu-— o.Ht:L.&'rue(Ft) — true(IF))

The existential elimination rule has both discharge and variable-occurrence con-

ditions:
JE : IIFu — olly:otrue(3F) — (Ilz:.true(Fz) — true(y)) — true(y)

The side-condition for the 3E-rule is a matter of scoping: since 1 is bound outside

the scope of z, no instance of ¥ can have z free, as required.

Remark Not all specifications of the rules are so straightforward since the ap-
plication of the rules may depend on ‘awkward’ side-conditions. For example, the
encoding of Hilbert-style S, (example 5.1.9) requires extra constants to represent

the consequence relation of the logic. This is discussed further in the next chapter.
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4.1.2 Adequacy theorem

Accompanying each specification of a logic in ELF is an adequacy theorem which
identifies the part of the entailment relation which corresponds to the consequence
relation. All matters relating to representations of logics in ELF are treated up to
Bn-equivalence; in particular, we use the 7-long normal forms (section 4.2.4) as

representations of these equivalence classes.

Notation Let A be an ELF term. We write Aﬂ\_:’ to denote the set

t:I'F.t: Aandtisin #n-long normal form with respect to (X;I")}.
>

For each sequence of variables X, let T(X) and F(X) denote the sets of terms

and formulae with free variables in X.

The adequacy theorem for ¥, uses the evident correspondence between the
arithmetic expressions of first-order logic and inhabitants of ¢« and between for-
mulae and terms in o. It is giyen by the functions &y : T(X) — Lgl and
8x : F(X) — oﬁ')’(, where if X is (z}™™,...,z""™) then 'y is (2! : byooy T L),

for bijection (1)’ : Var®® — Var"¥°. These functions are defined inductively on

the structure of the logic expressions as follows:

€x(z) = =z reX
£x(0) = 0
Ex(suce(t)) = succ(éx(t))
Ex(t+s) = +(Ex(®)(éx(s))
(€x(

Sx(t=s5) = =(&x(5))(éx (1))
bx(¢D9¥) = D(6x(9))(6x(¥))
Sx(Ve.g) = VY(z'w.6x,(9))
Sx(3z.¢) = 3I(A":1.6x.(9))

4.1.2 THEOREM [Adequacy theorem for first-order logic] For each sequence of

variables X = (xtl"m, ..., T™™), the functions €5 and &y are bijections satisfying:

n
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1. £x and 6y are compositional: that is, for term expressions t € T(Y') and

S1y-+-,8, € T(X) and formula ¢ € F(Y),

Ex(t[3/7]) = & (D) [Ex (s)/éx (2)]
6x(B[5/7]) = by (@) [€x (s)/év (2)].

2. for sequences of logic variables (z,, ..., z,) and formulae (¢,,...,d,.),

¢y true, ..., P truet 2} ¢true if and only if

{=
ity s, py s true(8x(d1)), ..., P ¢ true(8x(dp)) b s true(6x(9)),

where _ : true(6x(¢)) denotes the inhabitation of true(§x(4)).

Proof In [HHP89] and also implicit in the proof of theorem 5.1.3. O

Remark In [HHP89|, Harper, Honsell and Plotkin give a stronger result for
their adequacy theorem for first-order logic which gives a correspondence between
the structure of proofs in the logic and the structure of their representing terms
in ELF. Ideally, we aim to mimic derivations in a logic using its representation
in ELF. This stronger result gives some measure of the feasibility of this goal.
For the moment, we concentrate on the standard consequence relation for natural
deduction systems 3.2.13. In section 5.2, we define interpretations in ELF' which
allow for these stronger correspondences. To distinguish the two standards of
representation, we call a representation adequate when the representation of the
standard consequence relation is analysed, and natural when information regarding

the structure of proofs is also required.

Remark Condition 2 is given for arbitrary ELF terms inhabiting true(6x(¢)),
rather than specific terms, since, for the moment, we focus on representing the

standard consequence relation for first-order logic.

4.1.3 EXAMPLE To illustrate the interpretation of first-order logic in (ELF, £z,),

consider the derivation

{69} =0 ¢
{#} =0¥D ¢
D=40D (%D
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This corresponds to the ELF term

D Is (86, woe) (APitrue(§ (). Do )6, (8)(Ag:true(é(\(¥))-p)),

where, for legibility, we write the terms representing formulae as subscripts. It is

easy to verify that this term inhabits true(é,y(¢ D (¥ D ¢))) in the empty context.

4.1.4 EXAMPLE The entailments of ELF account for free ELF variables in the
same way that sequents keep track of logic variables. The ELF term corresponding

to the derivation for first-order logic in example 3.2.9 is

I (Az'11.8x,(9))(2 NVE(Az":0.6x . (6))(p)),

which inhabits true(6x(3z.4[z/z])) in context 2’ : ¢,p : true(6x(Vz.¢)). Notice
that the ELF variable 2’ occurs free in the term, just as logic variable z is free in

the derivation.

4.1.3 Problems with ELF

The adequacy theorem (theorem 4.1.2) for the ELF representation of first-order
logic only applies to this particular representation since it identifies the part of the
entailment relation, which corresponds to the consequence relation, by appealing
to specific constants in X5,. We seek a general identification which results in
equivalences between logics and their representing type theories. Such a defini-
tion is not possible in ELF since information is lost during representation as the

universe T'ype serves many purposes.

1. Both the basic judgements of a logic and the syntactic classes are represented
in ELF by inhabitants of T'ype. For example, in (ELF, £z,) we have ¢, o
and true(¢) for ¢ : o in Type. We identify terms of the form true(¢) with the
basic judgements and variables of type ¢ with the variables of the logic, but
this information cannot be given, except by appealing to specific constants

in EFOI'

2. It is not unusual for extra constants to be required in the representation of a
logic. The encoding of first-order logic is a simple representation which does

not illustrate this. The encoding of higher-order logic [HHP89] [AHM89)

72



The Framework ELF*

uses extra constants to represent the syntax, and the encodiﬁg of Hilbert-
style S, [AHMA89] uses extra constants to represent the consequence relation.
We do not go into details here. The representations of these two logics are
given for ELF* in examples 5.1.7 and 5.1.9. The second example illustrates
an instance of representation in ELF where two different logics (that is,
logics having different consequence relations) have the same specification;
the distinction is made apparent in the adequacy theorem. In ELF™, logics

with different consequence relations have difference specifications.

3. There are other inhabitants of T'ype, arising from the machinery of ELF,
which have no meaning in the encoded logic. For example, in (ELF, )

the term Ilz:0.. has no correspondence in the logic.

Remark Some II-abstractions using the rule (T'ype, Type, Type) do have an in-
terpretation in the underlying logic. The term ¢ — ¢ contains terms representing
unary expression symbols: for example, succ : ¢ — ¢ corresponding to the expres-
sion symbol succ. It also contains the term +(t'), which has no direct link as we
only consider complete expressions: that is, t+ s rather than t+ _. We concentrate
on the basic terms inhabiting Type, the terms which are not II-abstractions, since

these are used to interpret the consequence relation of the logic.

These points show that the framework ELF does not distinguish the terms -
representing the basic judgements, the ELF variables corresponding to the logic
variables and the extra terms, resulting from the encoding or machinery of ELF,
without specific reference to the representation under consideration. We propose

a new framework which retains these distinctions.

4.2 The type theory ELF"

In this section we introduce the PTS with signatures and n which defines ELF*.
The decidability of the framework follows from recent unpublished work by Salvesen
[Sal91] which generalises her results for ELF [Sal89] to functional PTSs with 7
satisfying strong normalisation. We give an alternative proof of the Church—

Rosser property, a key result in proving decidability, which avoids the techni-
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calities in Salvesen’s work and utilises the similarities and differences between the
two frameworks. It involves two translations: one to ELF, which preserves the
structure but which loses the universe distinction, and the other to the untyped
A-calculus [Bar84], which retains the universe information but loses the typing in
the A-abstractions. Together they provide CR for ELF* from the corresponding
results for ELF and the untyped A-calculus. All matters relating to representations
in ELF™ are treated up to Bn-equivalence. We therefore define the f#n-long normal
forms, extending a definition found in [Hue75] for the simply typed A-calculus, to

provide the natural witnessing terms for our purposes.

4.2.1 Definition of the type theory

We have illustrated, using the simple encoding of first-order logic, that informa-
tion is lost during representation in ELF. This is due to the lack of distinction
between the terms corresponding to the basic judgements, those corresponding to
the syntactic classes and the extra terms given by the encoding or machinery of
the type theory. The new framework ELF* gives. more distinction between the
terms using three universes, called Sort, T'ype and Judge, in place of the one ELF
universe T'ype. The connection between a logic and its representing type theory

is as follows:

e basic judgements correspond to inhabitants of Judge;
(m“-mms vanow\es
e syntactic classesjare represented by inhabitants of Sorts;

e variables of the logic are identified with sort variables (variables in Var®"™).

The universe T'ype consists of terms which have no particular link with the logic.
The part of the entailment relation determined by the inhabitants of Sort and
Judge should, therefore, correspond to the consequence relation of the underlying

logic.
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4.2.1 DEFINITION The framework ELF* is defined by the PTS with signatures
and 7, specified by (U,V, A, R):

U= {Sort,Type, Judge, Kind}

V= {Sort,Type, Judge}

A= {Sort: Kind,Type : Kind, Judge : Kind}

R = {(Sort, Kind),(Type, Kind)} U {(sy, s, Type) : s1, 5, € V}

Notation An ELF' term A is a kind if T FZ2F" A : Kind for some context '
and signature X. Similarly, a term A is a sort, type or judgement if it inhabits the

appropriate universe with respect to some context and signature.

The idea of splitting the universe T'ype of ELF into three motivates the choice
of U,V and A. Some explanation of the rules of ELF" is necessary. The rules
(Sort, Kind) and (T'ype, Kind) allow us to represent judgements dependent on
syntactic classes. Just as the ELF rule (T'ype, Kind) is used to declare the constant
true in o — T'ype in the ELF representation of first-order logic, we use these ELFT
rules to declare the constants which provide the basic judgements of the logic. It
will be shown that the ELF* terms representing syntactic classes can inhabit Sort
or Type, but not Judge, since the intention is for the inhabitants of Judge to
correspond to the bé,sic judgements of the represented logic. We therefore see no

reason to include the rule (Judge, Kind).

The II-abstractions of sorts, types and judgements, given by the rules of the
form (sq, sy, Type) for s,,s, € V, all inhabit Type. The motivation for this is
that we view II-abstraction as part of the machinery of the metatheory, rather
than as having a direct correspondence in the object logic. This differs from
Barendregt’s method of representing certain minimal intuitionistic logics as pure
type systems [Bar90], in which propositions are treated as types and II-abstraction

represents the universal quantification.

Remark A result of the above choice of rules is that the basic judgements cor-
respond to terms inhabiting Judge, whereas the higher-order judgements are rep-
resented by Il-abstractions (just as in the ELF case) which inhabit T'ype. This is
because we define the consequence relation of a logic from basic judgements. An
alternative approach is to view a higher-order consequence relation as fundamen-

tal (see [Avr89]), in which case the higher-order judgements are important and
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must be distinguished from the other ELF" terms inhabiting Type. One possibil-
ity is to replace the rule (v, Judge, T'ype) by (v, Judge, Judge), or perhaps even
(v3wdag, New) for some new universe New, for v € V. In this case the basic judge-
ments are distinguished as those terms in Judge which are not II-abstractions, and
the higher—order judgements by the II-abstractions IIz:A.J and Ip:J.K for J and
K in Judge and A in Sort. However, there are terms of this universe which have no
meaning in the underlying logic and so this approach needs to be explored further.
For the moment we work with the more standard definition of the consequence

relation.

Remark It is not clear whether (Judge, Sort,Type) and (Judge, Type, T'ype)
should be included. The rule (Judge, Sort,Type) allows for syntax to be depen-
dent on judgements. This is not allowed in the logics described in chapter 3,
although a natural example of a logic where this might occur is intuitionistic first-
order logic extended by the choice operator. The idea is that, given a proof p of
Jz.¢(z) true, we obtain a term t, dependent on the proof of 3z.¢(z)true, such
that the judgement ¢(t)true holds. Also, there are examples of logics represented
in ELF" (see example 5.1.12), whose specifications have been adapted from ELF
encodings, which, although their syntax does not depend on proofs of judgements,

still require these rules for their representation.

4.2.2 Representation in ELF™'

Representations of logics in ELF™ are similar to those in ELF; the main con-
tribution of ELF" is in the analysis of representation rather than the method
of specification. The difference lies in the choice of kind that a constant inhab-
its which depends on the intended use of that constant. We give two examples
to illustrate the differences. The first represents first-order logic and shows that
the problems highlighted in section 4.1.3 with the ELF representation have been
solved. The second encodes higher-order logic and illustrates the method for deal-
ing with extra constants required by an encoding. These examples illustrate that
we can recognise the ELF* terms corresponding to the term expressions and basic
judgements of the represented logic without appealing to that logic. The formal

analysis is deferred until the next chapter where we also discuss more examples.
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4.2.2 EXAMPLE In the specification of first-order logic in ELF*, also denoted by

Y rol, the two constants corresponding to the syntactic classes are

t : Sort
o : Type

The different universes they inhabit indicate the varying roles that ¢ and o play.
The ELF* terms in sort ¢ correspond to the term expressions of the logic; the ELF*
terms in type o to well-formed formulae which are of no real interest in themselves,
but which are necessary to form the basic judgements. This is mirrored in the

encoding since the basic judgements are formed by the constant
true : o — Judge

The typing indicates that ELF™" terms in sort ¢ correspond to term expressions and
ELFT judgements of the form true(¢) for ¢ in o to basic judgements. Of course, in
this particular case there is a link between the inhabitants of 0 and the formulae,
but this is not a general concept, whereas a link between the ELF" judgements

and the basic judgements is.

Remark Notice the similarity between our approach of separating the ELF*
terms corresponding to the term expressions, formulae and basic judgements and
Martin-Lof’s intuitionistic type theory [Mar85] with the judgements A set, A prop
_and Atrue. A full comparison of ELF* and Martin-Léf’s type theory is left for

future research.

As before, arithmetic expressions are represented by declaring a constant for

each expression symbol:

0 : : Sort
succ : L— ¢ . Type
+ o> : Type
= L= L —0 : Type

o—o0o—o0 : Type

D)
V: (t—0)—o0 : Type

The constant 0 inhabits a sort, since it corresponds to a term expression, whereas

other constants, corresponding to higher-order expression symbols, all inhabit
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Type. Just as the higher-order expression symbols are constructs for the logic
expressions, these constants form the inhabitants of + and 0. The ELF" terms +
and +(t) for ¢ : ¢ both inhabit types, whereas +(t)(s) for s : ¢ is in sort ¢ and so

corresponds to a term expression.

The rules for first-order logic are represented in a similar way to the ELF

encoding; we just give one constant corresponding to the O I-rule

DI : ¢, vY:0.(true(¢) — true(y)) — true(p DY) : Type

We distinguish between rules and proofs; rules correspond to terms inhabiting

Type and proofsto terms inhabiting Judge.

The problems illustrated by the ELF representation of first-order logic in sec-
tion 4.1.3 have been solved. We can now give a general identification of the ELF*
terms, which correspond to the basic judgements of the logic since they inhabit
Judge. We can also identify the ELF' terms which represent the term expres-
sions since they inhabit sorts; in particular, the sort variables correspond to the
- variables of the logic. The next example shows the method for coping with extra

constants required in an encoding.

4.2.3 EXAMPLE The representation of first-order logic is simple and direct. Not
all encodings in ELF* (or ELF for that matter) are so easy. This is illustrated
by the representation of the syntax of higher-order logic which is based on simply

typed A-calculus: -

domains az=tlo|laaq
terms kw2 2% | (Az®.tP)*7P | (127 s%)P,

The domains, viewed as syntactic classes, cannot be represented directly as there
are infinitely many of them. In ¥, the signature specifying higher-order logic

in ELF*, we have the constants

dom : Type
t : dom
o : dom

= : dom — dom — dom
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where each class symbol corresponds to a constant to give an obvious link between
the domains and the terms in dom. We associate to each inhabitant of dom a term,

identified with the objects of that domain, given by the constant
obj : dom — Sort

For each a : dom, it is the term obj(a) which represents a domain of higher-order
logic, rather than a itself, since inhabitants of obj(a) correspond to the expressions
of the logic. Thus, obj(a) is a sort and term « in dom is considered an extra
constant required in the encoding as the universes suggest. This demonstrates
the standard technique of using the T'ype universe to represent extra constants.
The representation of Hilbert-style S, in example 5.1.9 requires extra constants
to represent the consequence relation of the logic and also uses this method. The

complete signature X, is given in example 5.1.7.

Remark Notice that, in the representations of first-order logic and higher-order
logic in ELF", the term corresponding to the syntactic class of formulae is the
type o in the first and sort obj(o) in the second. The former distinguishes between
the first-order terms and formulae, whereas the latter treats a formula as any other
term expression. This mirrors precisely the behaviour of formulae in first-order

and higher-order logic.

4.2.3 Results

The decidability of ELF* follows from very recent work of Salvesen [Sal91] which
extends her results for incorporating 7 in ELF [Sal89] to functional PTSs satisfying
strong normalisation. We give an alternative proof of the Church-Rosser property
(CR) which avoids the technicalities in [Sal89] and utilises the similarities and
differences between the two frameworks. This involves two translations; one is to
ELF, which loses the distinction between universes, and the other is to the untyped
A-calculus [Bar84], losing the type information in the A-abstraction. Together, they
give CR for ELF' from the corresponding properties for ELF and the untyped

A-calculus.

Detailed proofs of the following lemmas are given for ELF in [Sal89).
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4.2.4 LEMMA Let (U,V, A, R) be the specification of either ELF or ELF" in def-
inition 4.1.1 or 4.2.1.

1.TF; A=B:Cimplies'ty A:Cand'g B: C.
2.'F; A: Bimplies B is Kindor I' -5, B: u for u € U.

3. N,z:Argaand Ty A=A":vforv €V implies T,z : A’k o, where o

denotes an ELF™) assertion.

4. [instance of the substitution of equalities lemma (lemma 4.2.6)] Let T g A : v,
forveV,and '+, N =N': A Then

a) Iyz: A+, B=B":vforvecVimpliesT - B[N/z| = B'[N'/z] : v;
) z

(b) T,z : Abg B: Kind implies ' -, B[N/z] = B[N'/:z:] : Kind.

Proof (sketch) The result is proved simultaneously by induction on the derivation
of I' kg, a for ELF™) assertion a. Part 4 is required to prove part 1 Wheh the last
line in the derivation uses the APP-EQ rule. It has an unsatisfactory proof which
relies on the properties of the set of rules R. Part 4a is proved from observing
that Tk (A2:A.B)N = (Az:A.B)N' : v and T+ (Az:A.B)N = B[N/z]: u and
[ty (Az:A.B)N' = B[N'/z] : u where the formation of the A-abstractions relies
on R. Part 4b is proved by noting that B has the form Ilz,:B, ...lz,:B,.w for
w € V. Then, by induction on n > 0, one shows that

[z, :B[N/z],...,z: Bk[N/:c] o Bry1[N/a] = By [N' /2] : v,

for k € {1,...,n} and v, € V. The rest of the proof is easy and is left to the

reader. O

4.2.5 LEMMA [substitution of equalities] Let (i,V, A, R) be the specification of
either ELF or ELF? found in definition 4.1.1 or 4.2.1. Then

T,z:AT'F;B=B:CandIl'F N =N':A implies

T,I'[N/z] -, B[N/z] = B'[N'/z] : C[N/x].
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Proof The proof follows from lemma 4.2.4. O

A technical lemma is now given which identifies some constraints on the asser-
tions which hold in ELF("). The results for ELF are used in our proof of CR for
ELF*.

4.2.6 LEMMA Let (4, V, A, R) be the specification of either ELF or ELF* in def-
inition 4.1.1 or 4.2.1.

1. T'/g Az:A.B : Kind,
2. Tt/ AB : Kind,
3. T'kg A: B and #(A,2) or #(A,3) implies A does not contain a universe.

Proof Part 1 is proved by assuming that I' 5 Az:A.B : Kind and proving con-
tradiction. The preterm Kind is certainly not a Il-abstraction and so, by in-
.specting the possible derivation trees, it follows that A ks C = Kind : v for some
context A C I') some preterm C and v € /. By lemma 4.2.4 A ks Kind : v which

contradicts lemma 2.3.9.

Result 2 is also proved by showing that ' - AB : Kind gives a contradic-
tion. Again by looking at the possible derivation trees, we must either prove that
Aty C = Kind: v for some term C, context A CT' and v € U, which using the
above argument gives a contradiction, or that the last line in the derivation is
an instance of the APP rule. In this case I' b5 A : [Iz:C.Kind for some term C.
By lemma 4.2.4, ', Hz:A.Kind : v and so, using the weak generation lemma

(lemma 2.3.8), ',z : C' g Kind : v for v € U which contradicts lemma 2.3.9.

Result 3 is proved by structural induction on A. We consider two cases; the oth-
ers are similar or trivial. When A is of the form Ilz:A,.A, then, by the weak gener-
ation lemma (lemma 2.3.8), T k5 A, :wand I,z : A, k3 Ay : v and (u,v,w) € R.
So #(u,1), by inspecting A and R, and, by corollary 2.3.17, #(A4;,2). By def-
inition of the level relation #, we have #(IIz:A;.A,,n) implies #(A,,7n). Using
the induction hypothesis A; and A, contain no universes. If A is 4;A, then, by
the weak generation lemma, I' -3 A; : Iz:B;.B, and T s Ay @ By for preterms
B, and B,. We have #(A;,n) when #(A;A5,n) and so, by the induction hy-

pothesis, A, does not contain a universe. By lemma 4.2.4, T bg z:B,.B, : w for
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w € U. Using the weak generation lemma, I' -, B, : v andT,z: B, by By : v for
(v, v, w') € R. So #(v',1) and #(By,2) using corollary 2.3.17. Hence, #(A4,,3)
and so A, does not contain a universe, by the induction hypothesis. o -
Remark It is also the case that 1 and 2 hold for any universe v € U, not just
the top universe Kind. The proof of this, however, involves the Church—Rosser
property.

We now give the two translations, used in the proof of CR for ELF"; one is

from ELF* to ELF and the other is from ELF" to the untyped A-calculus [Bar84].

The PTS morphism f from ELF* to ELF is given by

Sort — Type
Type —  Type
Judge — Type

Kind — Kind
and extended to the preterms, precontexts and presignatures, as described in sec-
tion 2.1.1. This provides a sound interpretation of ELF" in ELF by lemma 2.3.12:
that is,

r I—gLFJr a implies f(T) I-fE(Ig; f(a),

where a is an ELF" assertion.

The translation from the preterms of a PTS to the untyped A-terms, extended
with the constants ¢/ U {II} U Const, where U is the set of universes for the PTS,
IT is the constant used to translate the Il-abstraction and Const is the set of

constants for ELF™ | is defined inductively on the structure of the preterms:

c = q celd
©° = for variable z
a* = a, for constant a
(lz:A.B)° = TII(A°)(Az.B°)
(Az:A.B)° = Az.B°
(AB) = A°B°

It is easy to show that this translation preserves the equality between terms.
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4.2.7 LEMMA Let { be a PTS with signatures and . Then I }—g A=B:(C im-
plies A° =g, B°, where =, denotes the §7-equality of the untyped A-terms [Bar84).

The next lemma is important for our proof of the Church—Rosser property for
ELF*. The PTS morphism f from ELF' to ELF loses the information about
the universes. Therefore, ELF" terms, whose images using f are equal, may not
necessarily be identical; for example, f(T'ype) = f(Sort). However, terms, whose

images using f and (.)° are equal, must be identical.

4.2.8 LEMMA Let & be a signature of ELF*. For ELF' preterms D and E,
if f(D) = f(E) and T l—ﬁl)’f)‘ f(D): A, for some preterm A and context I', and
D° =g, E° then D and F are identical.

Proof The proof follows by induction on the structure of D and E (which is
the same since f(D) = f(E)). If D and E are universes then D° =4, E° im-
plies D° and E° are identical, using the Church—Rosser property for the untyped
A-calculus. Since (_)° preserves the universes, we know that D and E are iden-
tical. The cases when D and E are constants or variables are similar. For the
A-abstraction and application cases, we use the equality f(D) = f(F). We know
that f(D) = f(FE), and so to show that D and E are identical it is enough, by
lemma 2.3.12, to show that D and E do not contain universes. By lemma 4.2.6,
I Iij,(LEI; f(D) : Kind so we have #(D,2) or #(D,3) using corollary 2.3.17. Us-
ing lemma 4.2.6, this means that f(D) does not contain a universe. Therefore,
D and E do not contain universes. When D and E are II-abstractions, of the
form Ilz:D,.D, and IIz:E;.FE, respectively, we require all the premises. Wé have
r I-fél;‘ Iz, : f(D;).f(Dy): u for w € {T'ype, Kind} and, by the weak genera-
tion lemma (lemma 2.3.8), T P—f(fg f(Dy) : Type. Hence, #(f(D,),2) and, by
lemma 4.2.6, f(D,) does not contain a universe. By lemma 2.3.12, D, and E, are
identical. We now turn to the equality II(D})(Az.D;) =g, II(E})(Az.E;). Using
CR for the untyped A-calculus and observing that, since TI is a constant, that re-
ductions preserve the outermost application structure, we have /\a:.D; =gy /\a:.Eg .
Again by CR; we know that Az.D] and Az.E5 have a common reduct. By de-
laying 7-reduction using the outermost A-abstraction (if it is used) to last, it
follows that D, =4, E;. We also have f(D,) = f(E,), by definition of f, and

T,z: f(Dy) l-ﬁl’zl;‘ f(D,) : w by the generation lemma. Using the induction hy-
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pothesis, it follows that D, and E,, and therefore IlzD,.D, and Ilz : F,.E,, are
identical. a

We are now in a position to prove Church-Rosser for ELF™.

4.2.9 THEOREM [Church-Rosser for ELF*] TFZX¥" A: B and A > A’ and
A A" implies A' > A" and A" > A" for preterms A’, A” and A”.

Proof The PTS morphism f from ELF* to ELF, sending Sort — T'ype, T'ype —
Type, Judge — Type and Kind — Kind, preserves the - and 7-redexes and
so results in f(T) Fy5 f(A4) : £(B), f(A) > f(A') and f(A) > f(A"). Using
Church-Rosser and subject reduction for ELF [Sal89], we have f(A') > C and
f(A") > C for some ELF term C. Since f preserves 8- and 7-redexes, we can
use the same reduction paths to obtain A' > D and A” > E for ELF" terms D
and F, such that f(D) = f(E) = C. The map (_)° from the ELF" preterms
to the untyped A-terms also preserves 8- and 7-redexes so that A° l>°1] D° and

B
A° >, E°, where l>,,c;1’ denotes B7-reduction in the untyped M-calculus, and so

B
D° =g, E° using the Church—Rosser property for the untyped A-calculus. By
lemma 4.2.7, D and E are identical. _ O

Recall that strong normalisation holds for ELF" by lemma 2.3.11 since ELF is
strongly normalising [HHP89]. We appeal to Salvesen’s results [Sal91] for subject

reduction, unicity of types, generation and strengthening for ELF*.

4.2.4 [(n-long normal forms

Throughout this section we assume that we are dealing with a functional PTS
with signatures and 7 satisfying strong normalisation and rely on Salvesen’s re-
sults [Sal91]; in particular, we assume CR and subject reduction. We investigate
the equivalence classes of terms with respect to contexts and signatures given by
the equality judgement: that is, if ' A = B : C then A and B are in the same
equivalence class with respect to (X;I'). There are two standard ways of choosing
witnesses for these equivalence classes. One approach selects the 85-normal form
which is the unique term containing no 37-redexes. The other approach identifies
the Bn-long normal form~ and is of more relevance to us. The intuition is that

the terms in B7-long normal form with respect to some signature and context
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are fully-applied. For example, in the ELF+representation of first-order logic, we
associate the formula Vz.y = z with the ELF term V(Az:e. = (y)(z)) in context
y : t, rather than the term V(= (y)). The constant =: ¢ — ¢ — o in Xy, is fully-
applied in the first term, but not in the second. The B7-long normal forms are
presented in [Hue75| for the simply typed A-calculus. In [HHP89], Harper, Honsell
and Plotkin give a description of the so called canonical forms, which correspond
to our 7-long normal forms. It is impossible for them to show that each well-
formed term is equal to a unique canonical term since they only have 3-equality.
Felty [Fel89] and Augustsson, Coquand and Nordstrém [ACN90] provide systems

which generate just these canonical forms.

4.2.10 DEFINITION Let ¢ be a functional PTS with signatures and 7 satisfying

strong normalisation and let A be a preterm. Then,

1. A is in Bn-normal form if it has no subterm of the form (Az:B;.B,)(C)
(called a (-redex) or Az:B.Cz for z ¢ fv(C) (called an 7-redex);

2. A has a Bn-normal form with respect to (X;T') if T I—% A=B:C and B is

in Bn-normal form.

The S7-normal forms provide witnesses to the equivalence classes defined by the

equality relation. They are found using the decidable reduction relation — gy-

4.2.11 LEMMA Let ¢ be a functional PTS with signatures and 7 satisfying strong
normalisation and let I' -, A : B. Then,

1. A has an unique B7n-normal form with respect to (Z;T').

2. if A F; A : C then the Bn-normal forms of A with respect to (Z;I') and
(2; A) are the same.

Proof By strong normalisation, the Church~Rosser property and subject reduc-

tion. a

Remark This lemma shows that a term A has unique B7-normal form irrespec-

tive of the term it inhabits with respect to a particular context and signature.
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Remark In [HHP89), the canonical forms are defined using the 3-normal forms.
We use the @7-normal forms since they are unique; the #-normal forms are not

unique using our stronger equality.

The analysis of the shape of the #7-normal forms is required in order to con-
struct the #7-long normal forms. First, a technical lemma is given which extends

lemma 4.2.6. This uses the Church—Rosser property and so was not proved earlier.

4.2.12 LEMMA Let ¢ be a functional PTS with signatures and 7 satisfying strong
normalisation. Then T’ Ifi‘ Az:A.B : u for all u € U.

Proof Assume the contrary. Using the generation lemma, it follows that
r I-% u = [Iz:C.D : v, for v € Y and preterms C and D, which is impossible using

strong normalisation and the Church—-Rosser property. O

4.2.13 LEMMA Let A be in fn-normal form. The subterms of A (definition 2.1.2)

are also in An-normal form.
Proof By definition. ]

4.2.14 LEMMA Let ¢ be a functional PTS with signatures and 7 satisfying strong

normalisation.

1. A term A in #n-normal form has shape
Az:A;. .. Az, A,y By .. y,,:B,,.QM; ... M, for n,m,k > 0, where @
is a variable, constant or universe and the As, Bs and M s are in #7-normal

form, and where

(a) A; is not a A-abstraction for each i € {1,...,n};

(b) B; is not a A-abstraction for each j € {1,...,m}.

2. Let & = (a1:4y,...,0,:4,) and T' = (21 : Apyq, ..o, T ¢ Appry) for n,m > 0.
The fn-normal form of A, with respect to (X;I'), for k € {1,...,n+m}, is

not a A-abstraction.

Proof Part 1 is proved by induction on the structure of A. The non-trivial cases

are when A is a [I-abstraction or an application. If A4 is IIz:C;.C, it is enough,
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since C, is in fn-normal form, to show that C, is not a A-abstraction. Using the
weak generation lemma (lemma 2.3.8), we have I,z : C, I—; C, : u for universe u
and context I' and so, for this case, the result holds by lemma 4.2.12. For A
of the form C,C,, we show that C; is not a A- or II- abstraction. The former
is immediate since CyC, cannot be a [(-redex. By the generation lemma, we
know that T’ }-é C, : Iz:D,.D, for preterms D; and D,. If C, is a [I-abstraction,
then, by the generation lemma, we have I by u =1z : D;.D, : v for universes u
and v. By CR and strong normalisation, since the H-structur&is preserved by
pn-reduction, it follows that u must be a Il-abstraction, which}is . 0¥ ¥e ase .
For part la, we know that I',z;:A,,...,2;_1:4; 4 }-é A; :u;, for u; € U and
i € {1,...,n}, using the weak generation lemma. From lemma 4.2.12, 4; is not a

A-abstraction. Parts 1b and 2 are proved in a similar way. O

The An-normal forms of terms distinguish elements from the equivalence classes
of terms given by the equality judgements. Another way of choosing witnesses to
these classes is to use the [(n-long normal forms, defined using the @7n-normal
forms. This involves the> concept of a constant or variable being fully-applied: for
example, in the ELF™ encoding of first-order logic the term z : ¢ Fgﬁﬁ +(z):e—

is not fully-applied, whereas z : ¢ I—gﬁif +(z)(z) : ¢ is.
4.2.15 DEFINITION _ Let I't5, A: B and A be in 87-normal form. Then,
1. the arity of a universe in A with respect to (X;T') is 0;

2. the arity of free variable z or constant a in A with respect to (X;T') is the
number of IIs in the prefix of C’, wherez : C €T ora: C € T and C' is the
Bn-normal form of C with respect to (X; T);

3. the arity of bound variable y in A with respect to (¥;I') is the number of
IIs in the prefix of D, the term attached to its binding occurrence.

Remark The definition is proper since D is in 87-normal form (lemma 4.2.13),
we have the entailments 'gz:C or T' Fga:C by the free variable lemma

(lemma 2.3.2) and D and C' are not A-abstractions (lemma 4.2.12).

4.2.16 DEFINITION Let T I—E A: B.
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1. The term A is in B7-long normal form with respect to (X;T') if it has shape
Az Ay . Az A, Ty By .. Ly, B, . QM,, ..., M,

for n,m, k > 0, where the arity of @ is k£ with respect to
(2T, z1:Ay, ..o, T A, Y1 By, - -, Um:By), each A4;, for ¢ € {1,...,n}, is in
Bn-long normal form with respect to (3;T,z:4,,...,2,_1:4;_;), each B;,

for j € {1,...,m}, is in B7-long normal form with respect to
(21 F) xI:Ala ce ’xn:An) yl:Bla AR yj—IZBj—l)

and the M, for | € {1,...,k} are in Bn-long normal form with respect to
(T, 204y, ..., T An, ¥1:B1,y -« -, Y B )-

2. The term A has a 7-long normal form with respect to (X;T') if, for preterm
C,T'Fy A=C: B and C is in $7-long normal form with respect to (;I').

Remark Notice that the definition of terms in #7-long normal form depends on
the context and signature since, for example, with z: A+g z : A, the variable =
is in B7-long normal form with respect to the appropriate signature and context,

whereas this is not the caseforzinz: A— A 1-2 z:A— A

Just as in [HHP89], we use the #7-long normal forms, rather than equivalences,
of ELF™ terms in our analysis of ELF" representations. Given I by A: B, we state
an algorithm for constructing the 57-long normal form of A with respect to (Z; T');
the results, which show that the 37-long normal forms are witnessing terms for
the equivalences given by the equality relation, are left for future research, since

they are not essential to our research.

4.2.17 DEFINITION Let I't;, A: B. The pseudo-long form of A with respect to

(Z;T) is constructed as follows:
1. find the Bn-normal form of A with respect to (X;T), which has shape
Azy Ay Xz, r Ay, - By Iy, . B,.QM, ... M, for n,m,k > 0,

where @ is a universe, constant or variable;

2. if @ is a universe go to 5;
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3. if @ is a free variable or constant then replace @M, ... M, by
AMUpy1:Dyyr - Awy: Dy @M, L Mywy - . wp,

for p > k, where D; is Ci[M,/w,]...[My/w] for I € {k+1,...,p}, the
Wy .. W, are distinct variables which do not occur in UL, fo(M;) u{@},
@ : C is declared in I" or £ and the B7n-normal form of C' with respect to

(%;T) is z;:C; .. . z,:Cp.eN; ... N; now go to 5;
4. if @ is a bound variable then replace QM, ... M, by

AMUpy1: Dy - Awy: D, @My L Mywgeyy ..o w

p?

for p > k, where D; is Ci[M;/w,]...[M,/w) for I € {k +1,...,p}, the
Wiy - - - W, are distinct variables which do not occur in U:.;l fv(M;) U {@}
and @ : Ilz:C; ... Ilz,:CpeNy... N, is one of the = : A; or y; : B; for
i€{l,...,n}and j € {1,...,m}; now go to 5;

5. if n,m, k and p are 0 then stop;
otherwise, for each 7 € {1,...,n}, replace A; by its pseudo-long form with
respect to (X; I, zy:A4,,...,2;_1:A4;_,); similarly for each j € {1,...,m},
le{l,...,k}andr € {1,...,p}, replace the B;, M; and D, by their pseudo-
long forms with respect to (X;I, z1:4y,...,2,:4,,¥1:B1, ..., ¥;-1:Bj_1),
(BT, 20 Ay, .-y 2ot A, Y1 By, o oy Y By,) and
(BT 2t Ay, 2 A By o Y By Wiy 0 Digry oo owpy @ Do_y) Te-

spectively.

Remark The hypothesis is that the pseudb-long forms are unique and coincide
with the 87-long normal forms. It is not obvious, however, that the above algo-
rithm terminates since, for each | € {k+ 1,...,p}, the term D; in parts 3 and 4
may contain 3-redexes. One possibility for providing termination (suggested by
Plotkin) is to use an equivalent algorithm, with the same resulting term as the
one given, which first produces terms that are fully-applied (for example given
'k, @M, ... M,, the term @M, ... M, is fully-applied with respect to (X;T') if
the arity of @ is k) and then (-reduce; intuitively, the fully-.a,pplied condition is
preserved by (-treduction. This conjecture is left for future work. Dowek [Dow91]

has a very different proof of termination for essentially the same algorithm for the
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Calculus of Constructions [Cog85] and its subtheories. For the remainder of this

thesis, we assume the uniqueness of #7-long normal forms.

90



Chapter 5

Adequate and Natural Encodings

The formal justification of the new framework ELF™ is presented in this chapter.
We show that ELF' permits general definitions of representation; the syntactic
versions of these definitions are given here, and in the following chapter the simple

algebraic formulations are presented.

Initially, we focus our attention on the consequence relations of formal systems.
In the first section, we define the notion of an adequate encoding of an arbitrary
logic represented in ELF ", which characterises representations of consequence rela-
tions in the entailment relation of the representing type theories. We give examples
of adequate encodings and show that the encoding of A;-calculus [Bar84] in ELF*,

adapted from the ELF signature in [AHM89)], is not adequate.

The adequacy theorem accompanying the ELF representation of first-order
logic [HHP89] also links the structure of derivations in the logic with the structure
of certain ELF terms corresponding to the derivations. This gives some indication
that the proof system of the logic can be mimicked by the representation in ELF™.
We provide a general definition of this correspondence, called a natural encoding.
Using the same method as in [HHP89), this involves extending the syntax of the
logic to incorporate expressions for proofs and adapting the proof system accord-
ingly. This results in a consequence relation with an explicit account of the proof
expressions. It is not clear how to perform this extension in general. We illustrate
the method using first-order logic which provides a natural encoding in ELF'. We
also point out that the encoding of Hilbert-style S, in ELF, although adequate, is

not natural.
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5.1 Representation of consequence relations

We characterise representations of intuitionistic consequence relations of logics
(definition 3.2.13) in ELF™. This characterisation takes two parts; we first define
an encoding, which gives a sound interpretation of the consequence relation in the
entailment relation, and then an adequate encoding which states when this results
in an equivalence. With representations in ELF it is not possible to define the basic
notion of an encoding since, in some cases (example 5.1.12), a single signature is

used to specify logics with different consequence relations.

5.1.1 Encodings

The definition of an encoding is given for an arbitrary logic specified by an ELF*
signature. It provides a correspondence between the syntax and judgements of
the logic and the ELF™ terms in #7-long normal form (justified and defined in
section 4.2.4). This correspondence identifies variables of the represented logic
with sort variables, preserves substitution and gives a sound interpretation of the
consequence relation in the entailment relation. Some care must be taken with
identifying variables of the logic with sort variables. Each variable of the logic
inhabits a unique syntactic class, whereas the corresponding information in the
type theory is determined by the context, and so varies. We therefore define
encodings using functions indexed by sequences of variables of the logic. The

following notation is used throughout.

Notation Let LOG be an arbitrary logic represented in ELF' by & Log- We
distinguish the following sets of ELF* terms:

termp = {t: for some preterm A, I' I—gLog t: A}
sortp = {c:T kg, c:Sort};
texpr = {s: for some c € sorty, T’ I-EL s:ch
og

judger = {j:T '_ELO,, j : Judge}.
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The correspondence between the encoded logic and its representing type theory is

given using the B7-long normal forms and so we distinguish the set
term?" = {t: t € termp and ¢ is in F7-long normal form w.r.t. (X,,;T)}

and, similarly, the sets sort’?"’, tea:p?" and judgef,". We also require, for each

preterm A,

Ag" ={t:T l—zLogt : A and ¢ is in fn-long normal form w.r.t (Z,,;T)}.

Recall that 7 denotes the set of preterms of (ELF*, © Log) and Var®°™ and
Var’™*° denote the sets of sort variables and judgement variables respectively:
that is, if T l—gfﬁ z:A:Sort then z is a sort variable, and similarly for the

og

judgements.

The set of syntactic classes containing term expressions, the set of term ex-
pressions and the set of judgements of a logic LOG are denoted by S;oq, Troq
and Jp o respectively. For X a finite sequence of distinct logic variébles, Troe(X)
and J;pg(X) denote the subsets whose members contain free variables in X. We

omit the subscripts when the particular logic is apparent.

5.1.1 DEFINITION Let LOG be an arbitrary logic with an intuitionistic conse-
quence relation (definition 3.2.13) specified in ELF' by Y1og- An encoding of
LOG in (ELF™, Y 1og) is a triple (7, £,6) where n: S — 7 is an injective function
satisfying, for all c € S,

() b, n(c) : Sort,

where 7(c) is in #7-long normal form with respect to (1,,; ().

Both ¢ and § are families of injective functions €&x : T(X) — 7T and
éx : J(X) — T, for finite sequences of logic variables X = (z]*,...,z)") and
for which there are distinguished bijections f° : Var® — Var®™ for each ¢ € S,

such that:
1. {x(z) = f°(z) for z° in X

2. for each term expression ¢ from syntactic class o and judgement j, both with

free variables in the sequence X = (z7*,... ,Z,"), we have

Iy Fs,,, £x(t) i n(o);
Ty F 8x(j) : Judge,

ELo‘g
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where 'y is (€x(z1) 1 n(01), -+, Ex(2n) : 7(0,)) and €x(t) and bx(j) are in
Bn-long normal form with respect to (X...;'x);

3. the {x and 6y are compositional: that is, for term expressions ¢t € T(Y) and

815--+,8, € T(X) and judgement j € J(Y),

Ex(t[5/7]) = & (1)[€x (s)/év ()]

6x(5[5/2]) = by (5)[Ex(s)/&v (2)};

4. the interpretation is sound: that is, for sequences X = (z7*,...,z ") and

(J1s- -+, Jm) of variables and judgements of the logic respectively,
{jl) s ’jm} }-{:L'l, R | .7 1mp11es
FX)pl : 5X(j1), cosPm ¢ 6X(]m) }—ELog- : 6X(])a

where T'y is (ex(z;) : 7(01),- -, €x(z,) : 7(0,)), the py,...,p,, are distinct
variables in Var’*#® and _: 6x(j) denotes the inhabitation of ELF* term

6x(7)-

Remark The encoding definition depends on certain properties of the logics
under consideration. The definition of syntactic classes (definition 3.1.1) does not
depend on the variables of the logic so the image of 7 is contained in sort(ﬁ ;’ We also
assume that the term expressions and the judgements (definitions 3.1.2 and 3.1.3)

do not contain information regarding proof; this is mirrored in the encoding since,

Bn

for each sequence of variables X, the images of {5 and §x are contained in termy

and judgegl for context of sorts I'y.

Remark An alternative approach is to define encodings without the indexing of
variables and transfer the bookkeeping of variables to the definition of adequacy,

where it is essential. Our method gives simpler definitions.

Remark In general, the A7-long normal forms are not preserved by substitution:
for example, if y: A,z: A—> AF Ilz: BazM :uvand y: A Fo Ay:Ay):A— A
then y: Aty IIz: Bl(Ay:A.y)/xz].(\y:A.y)M[(Ay:A.y)/z] : v which contains a
B-redex. The compositional definition is well-defined in part 3 since A-abstractions

are not substituted, as substitutions are restricted to inhabitants of sorts.
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Remark In the above correspondence we do not link derivations in the logic
and inhabitants of ELFT judgements since the standard consequence relation of
the logic contains no information about the derivations. The proof information is
therefore disregarded in the entailment relation: that is, we are interested in the

inhabitation of ELF* judgements, rather than particular ELF" terms.
Judg

Notation Let (7,¢,8) be an encoding of a logic in ELF*. For each sequence
X = (z',...,z.") of variables of the logic, we let 'y denote the contexts of
sorts (§x(zy) : m(0y),- .., €x(z,) 1 n(0,)). We write &5 : T(X) — tempﬁ:’( and
ox J(X) — judgef,:’( to denote the functions extensionally equal to £x and
dx, but with the more precise ranges. These are well-defined by condition 2 in
definition 5.1.1. We also write : § — sortf ')7 These functions play a central role

in the definition of an adequate encoding (definition 5.1.4).

5.1.2 PROPOSITION Let (7,£,8) be an encoding of a logic in ELF™ using L Log
and let X and Y be sequences of variables of the logic. If t € T(X) and t € T(Y) .

then {x(¢) = & (). Similarly, if j € J(X) and j € J(Y) then &x(j) = 5}0). '

Proof Follows from the compositional property (part 3 of definition 5.1.1). O

Ideally, the correspondence between a logic and its representation in a frame-
work should be immediately apparent, although it is not clear that this goal is
compatible with the aim of representing a wide variety of logics. With ELF™,
the link between the logic and the representing type theory is usually obvious,
although some work must be done to show that it satisfies the conditions required
in definition 5.1.1. We give an encoding of first-order logic in ELF" specified by
Yot (section 4.2.2); other examples of encodings can be found in 5.1.7 and 5.1.9.
In the case of ¥, the proof that we indeed have an encoding is similar to part of
the proof of the adequacy theorem accompanying the representations of first-order
logic in ELF [HHP89); this is to be expected as our definitions make the intuition

behind the adequacy theorems precise.

5.1.3 THEOREM The ELF" signature £p,, gives an encoding of first-order logic
in ELF™.

Proof The two syntactic classes of first-order logic, denoted by term and form,

are represented in ELF* by the terms ¢ and o respectively, which gives the function
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n:S — sort(ﬂ '>’ as follows:

n(term) =

For each sequence X = (z;,...,z,) of variables of first-order logic (we omit the
superscripts as there is only one syntactic class), the function £x : T(X) — te:cpf,:’(

is defined inductively on the structure of t € T(X) as follows:

!

) = =z zeX
) = 0

Ex(succ(t)) = succ(éx(t))
)

where (_)' denotes a bijection from Var*® to Var®"™ and Ty is (@ e, ,2l c0).
The function {x is evidently well-defined, total and injective. Compositionality
for £x is shown to hold by a straightforward structural induction on first-order

term expressions.

Similarly, for each sequence of variables X = (z;,...,z,), the function
Ox : J(X) — judgelﬂ,l is given by dx(¢ true) = true(yx(4)) for formula ¢, where
vx : F(X) — oﬁ’;, with F(X) denoting the set of formulae with free variables in

X, is defined inductively as follows:

1x(t=s5) = =(Ex(t)(x(s)
1x(62%) = D (vx(8)(vx(¥))

1x(V2.8) = V(Az'wyx.(4))

1x(3z.9) = 3(/\93’ P eYx2(9))

where X,z denotes X U {z}. It is easily shown that vy is well-defined. Hence,
0x is a well-defined, total, injective function satisfying part 2 of definition 5.1.1.
The compositional property for §x is shown by proving the equivalent property
for vx, which proceeds by straightforward structural induction on the formulae of

first-order logic.

All that remains to do is show that the above correspondence pfovides a

sound interpretation of the consequence relation of the logic in the entailment
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relation of (ELF*, Tp,); in this case, for finite sequences X = (z;,...,z,) and
(¢y true,...,d,true) of variables and basic judgements of the logic respectively,

we must show
‘ {¢p, true,..., ¢, true} I-{xl’ ) ?Strue implies
I-‘Xapl : 5X(¢1 true), <oy Pt 5X(¢m t'rue) Fo: 6X(¢ t'rue),

where T'x is (2} :¢,...,2, :¢) and - : 6x(dtrue) denotes the inhabitation of

8x(¢true). The proof follows by induction on the derivation of

{prtrue, ..., ¢ntrue} =z ... ,z,} Ptrue.

5.1.2 Adequate encodings

An adequate encoding defines an exact correspondence between a consequence
relation of a logic and its representation in ELF". This is important since it not
only states that we get a sound and complete interpretation of the consequence
relation in the entailment relation, but also that we can recover the logic from the

representing type theory since no information has been lost during encoding.

5.1.4 DEFINITION An encoding (7,¢,6) is adequate when

1.7:5— sortf;’ is a bijection;

a1
10"

€x :T(X) — texpgl and 6y : 3(X) — judge{f:" are bijections;

2. for each finite sequence X = (z .,z,") of variables, the functions

3. the interpretation is complete; that is, for sequences X = (:1:‘171, e ,wZ") and

{J1s -+ +»Jm) of variables and judgements of the logic respectively,

FX)pl : 6X(j1))' ceyPm ¢ 5X(.7m) }—ELog- : 6X(.?) implies
{jl)"‘ajm} }_{131’---,‘%} ja

where the py,...,p,, are distinct variables in Var’/"%®

the inhabitation of ELF* term 8y (7).

and _: 6x(j) denotes

97



Adequate and Natural Encodings

Remark A weaker notion results if we require only the completeness condition
(part 3); we call such an encoding weakly adequate. For example, the representation
of first-order logic (section 4.2.2) provides a weakly adequate representation of
propositional logic. We do not concentrate on this definition since it is important
to be able to discern from the type theory that part of the ‘entailment relation
which corresponds to the consequence relation of the underlying logic. This is
very important when one wishes to investigate, for example, proof search and
general tactics for representations in ELF*, topics which are beyond the scope of
this thesis, but which are studied in [PW91], [Schm83] and elsewhere.

Remark Weaker notions of encoding require investigation. In chapter 3, we
emphasise that ELF' has a certain approach to syntax, which need not be the
same as the approach in the original presentation of the represented logic. We
therefore gave a standard presentation which can be viewed as a transitional stage
between logics and their representations in ELF*. For example, the representation
of Hilbert-style S, (example 5.1.9) uses the transitional logic £,,,. One possible
a&enue to explore is an encoding consisting of two maps; one from the transitional
' Yaasinowal oo
logic-to the original logic and the other from the L --totherepresentation
in ELF*.

Notation Let (7,£,6) be an adequate encoding. For each context of sorts
g = (z4:4y,...,2,:4,) in B7n-long normal form, let Xp, denote the sequence

of variables
A A e LAY n o n
“ (g" ( 1)(331)71 (A1),.”,gn (A )(l‘n)"‘ (4 )>’ o
wheee (‘]\5‘40«'\'Q = S ¢4 Ya  waserse ok A1) M\'\&A q’- S —> Sexv w and

t . . . .
Somt s Var® is the inverse of the function f°: Var® — VarS" given

where ¢° : Var
by the encoding. We write 6{,5 : te:z:p?z — T(Xp) and 6{,5 : jualgeg’s7 — J(Xpy)

for the inverse of functions 13 Xrg and 6er. respectively.

5.1.5 PROPOSITION Let (7,£,8) be an adequate encoding. The functions

E;‘s : tempgz — T(Xy,) and 5;,5 : judge?: — J(Xr,) are compositional: that

n

is, for t € sortﬁs and j € judgei”s and term expressions s,...,8, € sort’f,’s’, where

Ag = (x1:4;,...,2,:4,) and Ty '_ELD, $; v Aylsy, ...y 8i_1/%q,. .., 2;_4], We have

+ & (tf5/3]) = & (D[, (5)/€,, (@));
6, (3 [5/21) = 6 (7)€, (5)/€, (=))-
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5.1.6 THEOREM The encoding of first-order logic in (ELF*, $p,) defined in the

proof of theorem 5.1.3 is adequate.

Proof The functionn:§ — sort? ’)7 is obviously a bijection. For each context of

sorts ['g in B7n-long normal form, we define €, : sortlez — T(Xrg) by induction

s °
on the structure of the terms in sortﬁz (in this case, terms inhabiting ¢) as follows:

elrs(a:) = g(z) z € dom(I'g)
e'I,S(O) = 0

s'r.s (suce(t)) = succ(a'rs ()

e (H()(s)) = ep (t) +ep (s)

where g : Var™ — Var is inverse to ( ) : Var™ — Var®™ given in the
proof of theorem 5.1.3. The injective function ex : T(X) — sort?’}’(, for each

. . .o . . 7 . . . .
sequence of variables X, is a bijection since €p, 1s its right inverse.

Similarly we have, for each context of sorts I's in S7-long normal form, the
function 6{,5 : judge'g’s7 — J(Xrg). This is given by 5;S(true(¢)) = 7{,5(¢) true,
where 'yi,s : o@’; — F(Xr,) is the inverse of Vxrg + F(Xrs) = ogz defined in the
proof of theorem 5.1.3.

Finally we show, for Jy,...,J,,,J € judgef‘z With I's a context of sorts in

Bn-long normal form, that
ELF* . .
s,p1d1s - Pmidm Fyre I J implies {8, (J1),..., 6 (Jm)} Fa_ s Bts (),

where Il is in B7-long normal form with respect to (X po; I's, p1:J1, - - -y Pmidsm) and
6,1"5(FS) denotes the set {s'rs(a:) :z € dom(Tg)}.

This-is-proved-by-induction-on the structure-of . This is proved by induction

on the structure of II: we just look at one case. Let A denote ['g,p;:J4,. .., ppm:dm,
so that Aty II:J, and assume II is of the form VI(Az:..0)(Az:e.q). Using the
generation lemma and renaming variables if necessary, A,z : ¢ l—zm q : true(f) and
J is true(V(Az::.0)) by the uniqueness of 7-long normal forms. By the induction
hypothesis, and using the permutation lemma to obtain A,z : ¢ in the right form,

it follows that

{6{,S’N(JI), e ’6;‘5,3:1,(‘]"1)} Fy 51,5’w(t1~ue(9)),

99



Adequate and Natural Encodings

where Y is {e'r.s’w(y) :y € dom(FCg,z : ¢)}, and so we have a derivation of the
corresponding sequent {5;,5,w(]1),. 8. (Jm)} =y 7;‘5,w(9) true. Using the

Ty Ts,zin

VI-rule of first-order logic, we infer

,{6;S’Z:L(J1), ey 6;,5,2:L(Jm)} = v/ vm’.y’rw(e) true,

where z’ is f;s .., (). By proposition 5.1.2, it follows that

{61[‘5(‘]1)1 v 76;‘5(‘]111,)} }—ffs([‘s) 6;‘5(‘])

5.1.3 More examples

5.1.7 EXAMPLE [Higher-order logic] The representation of higher-order logic in
ELF* gives an example of an adequate encoding which requires extra constants
to express the syntax of the logic in the type theory. There are many ways of
presenting higher-order logic (see for example [Chu40], [And71], [Sch77], [Tak75]).
We encode the version given in [HHP89], which follows Church in using the simply
typed A-calculus [Mit91] to form the syntax of the logics with the simple types
being treated as syntactic classes (often called the domains). The syntax and basic

judgements are defined using the signature notation introduced in chapter 3:

c = {i°d =%

c' = ¢C

E = {OL’ S'U,CCL=>L, +L=>L=>L, :)o=>o:0} U Ua{zziaﬁa, via$0)=>0} U
Ua’ﬂ{appf:;ﬂ,a)—’ﬁ’ /\Esﬁ—*ﬂ)—'(aﬁﬂ)}

J = {true?}

To illustrate the representation, we consider the following fragment of the natural
deduction system for higher-order logic:

]

['=x .. ¢ptrue
[ =x Y, (A, oz.0)true

vI

VE I' =x V,(e)true

T =x appao(e)(e’) true
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I'=x, (e=,¢)true

LAM ;
I'sx (A T.e =50, A, T.€)true
I'=sx ¢true T =>x (¢ =, Y)true
EQ
['=x Yptrue
g D = x (PPar(Moir)() = elé'/a]) true
n r =x (Aa,fx'(appa,r(e)(m)) So=T e) true T ¢ fv(e)

The representation of the domains has already been discussed in example 4.2.3.

They are specified in ELF' by the following declarations in the signature Xy,
adapted from the specification of higher-order logic in ELF [AHMS89):

dom : Type
t : dom
o : dom

= : dom — dom — dom

obj : dom — Sort

The remaining part of the specification is similar to the ELF representation of

first-order logic. The expressions are specified by a set of constants, one for each

expression symbol of higher-order logic:

0
succ
+

D

v
A

app

IIs: dom.obj(s=>s=>0)

IIs: dom.obj((s=0)=>0)

IIs: dom.I1t: dom.(0bj(s) — obj(t)) — obj(s=>t)
IIs: dom.IIt: dom.obj(s=>t) — obj(s) — obj(t)

Notice that the representation of the quantifier and equality, both indexed by

the domains, makes use of the dependent terms in an essential way, just as in the
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ELF representation of higher-order logic. The abstraction operator of higher-order
logic is specified by the constant A to avoid confusion with the A-abstraction of
the type theory, and the constant = is used as an infix operator. In contrast to
Church’s formulation [Chu40], both the domain and range term of an abstraction
are explicitly attached to the representation of A-abstractions and applications.
This does not, however, introduce any complications when showing that we have an
adequate representation since the domain and range terms are uniquely determined

for each term expression of function type.

Using the same approach as in the encoding of first-order logic, we declare a

constant to form the truth judgements of the logic:

true : obj(o) — Judge

The inference rules are specified using techniques similar to those for first-order
logic. As a notational expedient, we make use of the following ‘externalisation’ of

the equality constant:

~ = As:dom.Az: 0bj(s), Ay : 0bj(s).app, o(apP, 4o =5 T)(Y)
which inhabits

IIs: dom.obj(s) — obj(s) — obj(o)

and which we write in infix form. Again we have one constant for each rule (we

write arguments to applications as subscripts to enhance readability):

VI : Is:dom.ILF: obj(s=0).(Ilz: 0bj(s).true(app,, F z)) — true(app,,, Y, F)
VE : Ils:dom.ILF: obj(s=>0).Ilz: 0bj(s).true(app(,=0)0 Vs F) — true(app, , F z)

eq : Il¢g:0bj(0).Ilyh:0bj(0).true(d) — true(d ~, ¥) — true(s)
lam : IIs,t:dom.Ilf, g:0bj(s)—o0bj(t).(Ilz:0bj(s).true(f z =, gz)) —
true(A, ; Ax: 0bj(s).fx ~,, A, , Az: 0bj($).97)

B : Ils,t:dom.IIf: obj(s)—obj(t).Ilz: obj(s).
true(app, , (A, ; (Az:0bj(s).fz)) z =, f z)
n  : Is,t:dom.IIf: obj(s=>t).true(A, , (Az: obj(s).app,, f x) Risst) f)

5.1.8 THEOREM The signature Yy, provides an adequate encoding of higher-
order logic in ELF*.
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Proof The mapping  : S — sortf’)7 is given, for each domain o, by

n(o) = obj(B(c)), where §: S — domf;;’ is defined by
ply) =«
Blo) = o
Blo=d) = =(B(o)(B(e)

The link between the term expressions and inhabitants of sorts is given, for each

finite sequence X of variables of higher-order logic, by £x : T'(X) — te:z:pf,z( as

follows:

(=) = f(=) 27 eX

€x(0) = 0

Ex(suce) = succ

Ex(+) = +

£&x(D) = >
£&x(Yo) = V(B(0)) ogeS
€x(=,) = =(8(0)) geS
Ex((Aoze)”™) = AB)BM)ASf (z)m(0)£xe(eT) o,7€S
Ex((€”77d")) = app(B(o))(B(7))(éx (e )(x(d")) o,7ES

and f7: Var’ — Vars™isa bijection for each ¢ € S. The connection between the
judgenients of the logic and inhabitants of Judge is given, for each finite sequence
of variables X by 6x : J(X) — judgeﬁ')’{, where §x(¢) = true(éx(4)). From these
mappings we obtain an encoding.

The function : § — class(ﬂ 7)’ is a bijection since §: S — dom(ﬁ ;’ is. To show

/
I's

T(Xr,) and 5{,3 : judgef,z — J(Xp,). Let ¢°: Var®™ — Var® denote the inverse

functions of f© for each syntactic class c. Then, for a context of sorts I's in 87-long

that (7, e,8) provides an adequate encoding, we define functions ¢/, : so'rtgz —

normal form, we define s’rs by induction on the structure of terms inhabiting sorts

in this context as follows:

—1(obj .
6'1,5(2:) = g7 (g z : obj(A) € Ty
e.(0) = 0
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e'r.s(succ) = succ
e, () = +
6'1,5(3) = D
e, (V(4) = V)
er(=(4) = =pun
ers (A(A)(B)Az:obj(A).€) = Agmsgay(g” ().l onioa(©)

ep, (app(A)(B)(e)(f)) = €p (e)er, (f).

The function 6;,5 : judgef,z — J(Xr,) is given by 6;,3 (true(¢)) = e'rs (P) true. Tt is
routine to show that E'I,X and 5;,)( are inverse to £x and 0y for each finite sequence

of variables X and that the completion condition in definition 5.1.4 is satisfied. O

5.1.9 EXAMPLE [Hilbert-style S ] The encoding of Hilbert-style S; (example 3.2.16)
is an example where an extra constant is used to represent the consequence re-
lation of the logic in ELF'. The difficulty lies with the NEC-rule presented, for

example, as:

0 =x dtrue
I' =5 O¢ true

NEC

This rule cannot be represented directly by the standard method of declaring a
constant nec inhabiting Il¢:0.true(¢) — true(O¢) since such a constant would
force the inhabitation of true(0¢) in any context entailing ¢rue(4). The solu-
tion due to Avron [AHMS89] centres on a logic, denoted by L., with the same
syntax as Sy, judgements of the form ¢true and ¢valid and the proof system in
table 5.1. The consequence relation of £, (denoted by F"*") restricted to the

truth judgements is the same as the consequence relation, ™9, of Hilbert-style
Sy .

5.1.10 THEOREM Let ¢,,...,¢,, # be formulae of Hilbert-style S, and X a finite

set of logic variables (in this case denoting formulae). Then

{¢1true,..., ¢, true} I-;ig ¢true if and only if {¢;true,...,¢,true} F7™ ¢true

Proof See [Avr86). ' O
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A, (¢ D (¥ D ¢)) valid
A, (62 (¥ 20)D(¢2%) D(¢D86))valid
Az (O¢ O ¢) valid
Aq (O(¢ > ¥) D (O¢ D OY)) valid
As (O¢ D O0O¢) valid
. (¢ D ¢¥)valid ¢wvalid Nec CQqud
’ b valid O el
| ¢ valid
TRUTH
dtrue

(¢ DY) true ¢true
P true

MP,

Table 5.1: The new logic £

new"*
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In Avron’s approach, Hilbert-style S, is represented in ELF by encoding £,,.,,
and then, in the accompanying adequacy theorem, limiting the correspondence to
those ELF terms representing the truth judgements. An important advantage of
ELF* is that the specification of Hilbert-style S, is different from the specification
of £,.,- The difference occurs in the universes in which the terms corresponding
to ¢true and @valid inhabit. We declare the constants true : o — Judge and
valid : 0 — Type which indicate that the terms of the form true(¢) correspond to
the basic judgements of Hilbert-style S, and the terms of the form valid(g) are
extra terms given by the encoding. (In the representation of £,.,, the constants
true and valid both inhabit o — Judge.) The full specification of Hilbert-style

Sy, denoted by ¥,,.4, is as follows:

19) : Sort

D I 00— 0—0
O . 0—o0
true : o — Judge

valid : o — Type

C o Il¢:o.valid(p) — true(¢d)
Al : e, y:o0valid(¢ O (v D @))
A2 Tig,9,6:0valid((¢ D (¥ D 6)) = ((¢ D %) — (¢ D 6)))

A3 : I¢ro.valid(O¢ D @)
A4 ;. II¢,4ro0.valid(O(¢ D 9) D (O¢ D O7))
A5 : I¢ro.valid(O¢ D OO¢)

MP, : ¢, v:0.valid(¢) — valid(¢p D ¢) — valid(y)
Nec : Il¢:o.valid(¢) — valid(Og)
MPr : 1l¢,v:0.true(p) — true(¢p D ¢) — true(y)

5.1.11 THEOREM The signature X,,,; provides an adequate representation of
Hilbert-style S, in ELF™.

Proof The correspondence between the syntax and judgements of Hilbert-style
S4 and terms in (ELFY %,,.,) is easy. We have n: § — so'rtf’)’ given by

n(form) = o
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and, for X a finite sequence of logic variables (denoting formulae in this case), the

maps &y : T(X) — tempgz and éx : J(X) — judgeﬁ’s7 are defined inductively by

Ex(4) = ¢, peX
Ex(6D¢) = D(x(#))(éx(¥))
Ex(Og) = D(ﬁx(ﬁb))

for bijection (_)' : Var™ — Var® and

bx(ptrue) = true(éx(9))

o1

We must show, for sequences of variables X = (:1:1 y oo

(ptrue,..., ¢, true), that

.,z,") and of judgements

{¢true, ..., ¢, true} l_{:z:l, T ¢true implies

Cy,p1:0x(@ytrue), ... ,pm : 6x(dm true) b Sars - ¢ Ox(@true),

Judge  where _ : 8(¢ptrue) denotes the in-

for distinct variables py,...,p,, in Var
habitation of §x(@true). This fact follows from theorem 5.1.10, together with
a correspondence between L, and (ELF+, ¥ a04) Which is given by 7 and, for
each finite sequence of variables X, by {x and vy : J,.(X) — 7, where J,.,(X)
denotes the set of basic judgements in £, with free variables in X. The function

vy is defined by

vx(ptrue) = 6x(¢ true)
vx(pvalid) = wvalid(Ex(d)

and, for sequences of variables X = (z;,...,z,) and judgements (Jy,...,J,) in

L e, satisfies

{Jla' . 7Jm} }_}ew J 1mp11es FX)QI : vX(J1)7 ceosdm ¢ UX(Jm) I—EMad - UX(J)’

where qi,...,q,, are distinct variables from Var®¥¢ U Var’*%°

and, as usual,
- : vx(J) denotes the inhabitation of vx(J). It is easy to show that (7,£,6) is an

adequate encoding. O

5.1.12 EXAMPLE [A;-calculus] The A;-calculus [Bar84] is an example of a logic

which has been represented in ELF [AHMS89], but whose adapted signature for
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ELF™ does not give an adequate encoding. In this calculus the A-abstraction is

restricted to
M € A; and z € fv(M) implies Az.M € A,

where A; denotes the set of term expressions. It has already been noted that the
gercloeggi ggil&(iiplg <>‘f‘(%r encoding logics in ELFY is to avoid declaring a term whose
objects L variables; the variables of the encoded logic are identified with the
sort variables. The difficulty therefore in encoding the A;-calculus is to identify
which expressions have z as a free variable whilst still having the sort variables
stand for logic variables. The method is inspired by the denotational semantics of
the calculus and involves adding an extra constant L: o which limits the applica-
tion of the constant representing the A-abstraction. The signature specifying the

Ar-calculus, denoted by ¥, is:

exp : Sort

1 : exp

N Iziexp — e:vp(r(J.) = ) — exp
app : exp — erp — exp

= : exp— exp — Judge

E, : Iziezpx=r<z

E, : Ilz,yexpr=y—y==z

E, : INz,y,zzexp(c=y—-y=2z—oz=2)

E; : Nz,y,2,yexpz=y—z' =y — (app(z,2') = app(y,v))
L, Hz:exp.app(z, L) = L

1, : Tlz:ezp.app(l,z)= 1

Ly L=A;(Aziexp. L, Ey(Ll))

Br : Tz:exp — exp.llyexp.Iltlr(L) = Lapp(As(z,t),y) = zy

Remark The signature X; provides an example which makes use of the rule
(Judge, Sort, Type) of the type theory to form the term in which the constant
A; resides even though, in );, the syntax does not depend on proofs. It is not
clear whether this rule, plus (Judge, T'ype, Type), should in fact be included. This
example does not clarify this point since this signature does not give an adequate

encoding, as our next theorem states.
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5.1.13 THEOREM The sign.ature ¥; does not provide an adequate encoding of
the Aj-calculus in ELF™.

Proof We suppose (7,¢,6) is such an adequate encoding and show that this re-
sults in a contradiction. Since (7,{,6) is adequate, there is a function
6'() : so'rtf’; — T'(@) such that 6,() o gy = idp) and €p o e'() = idsort‘(a')" We show
that all possible choices of €,< )(_L) give a contradiction. If 82 )(J_) is a variable, z
say, then eg(z) = L which does not satisfy the definition of ey. If £5(L) is M N for
M,N € Aj, then | =¢gy(MN) = ¢(Mz)[N/z] for z ¢ fv(M) by compositionality
of ¢ and so gg(Mz) = L. Also, using the same argument for y ¢ fv(M), we have
eo(My) = L, which contradicts the injectivity of €. A similar argument applies

when s'( y(L) is a A-abstraction. O

Remark It is conceivable that there is an encoding from the A;-calculus to
(ELF*, £;) which sends Az.M € A; to Aj(Az:exp.M')(p) for ELF* term M’ rep-
resenting M and p some chosen inhabitant of term (Az:exzp.M')(L) = L. Adding
an extra constant L to the calculus is unlikely to provide an adequate encoding
since the construction of ELF* terms using constant A; depends on infinitely many

terms inhabiting z(L) = L for z : exp — exp.

Remark An alternative approach to represénting the Aj-calculus is to transfer
the restriction of the A-abstraction to the rules for the equality judgemént; that is,
to declare A in (exp — exzp) — exp and use a constant dir in (ezp — exp) — Type,
with the intuition that dir(Az : exp.e) is inhabited if  occurs free in e, to restrict
the inhabitation of the equality judgement. Further research on'the representation

of side-conditions, exploiting the universe T'ype, is required.

5.2 Representation of proofs

Adequate encodings characterise representations of intuitionistic consequence re-
lations in ELF¥. These encodings can be strengthened to give a stronger corre-
spondence which also links derivations in a logic with terms inhabiting judgements
in the representing type theory: we call such encodings complete. A complete en-

coding is natural when this stronger correspondence also yields an equivalence. A
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natural encoding captures the intuition that, for example, the representation of
first-order logic is more direct than the representation of Hilbert-style S4, and gives
some measure of the fact that the proof system can be mimicked by its represen-
tation in ELFT. The full statements of the adequacy theorems for ELF [HHP89]
are thus generalised. Following the approach in [HHP89], the syntax of a logic
must be extended to give an explicit account of derivations, and the proof system
adapted accordingly. It is not clear how to do this in general. For the moment,
we illustrate tlw&ative method by example. In particular, we adapt first-order
logic to give an{of proofs and show that ¥, provides a natural encoding of first-
order logic in ELF*. We also point out that the signature ¥, gives an adequate

encoding of Hilbert-style S, which is not natural.

5.2.1 Proof expressions

In this section, the syntax of first-order logic is extended to include a class of proof
expressions, adapted from the definition in [HHP89], in order to give an explicit
account of derivations in the consequence relation of first-order logic. The idea is
that the derivation of, for example, (¢ D ) true, using the D I-rule in the last line,
is denoted by the proof expression D I(¢)(%)((p)g) where g is a proof of ¥ true
depending on the proof variable p which denotes a proof of ¢ true. The discharge
of assumption ¢ corresponds to binding the proof variable p. The conclusion
(¢ D ¥)true gives enough information to infer the formulae ¢ and %, although
this is not so in general as the J3E-rule illustrates. Thus the proof expressions
themselves must carry information regarding the formulae used. Following the
approach advocated in chapter 3, these expressions are generated from a set of
proof symbols, denoted by pf, which have a similar behaviour to the expression
and judgement symbols and which are accompanied by arities, where the set of

arities of first-order logic is adapted to incorporate the class of proof expressions.
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The proof symbols for first-order logic are as follows:

> [Uifupf—pf)=pf

- E frpfipf)opf

y(t—f t—=pf)=pf

v gt pf)—pf

37— f: tpf)—pf

qgt=1. f,9f, (. pf)—pf)—pf

There is a proof symbol for each rule of first-order logic, given in example 3.2.14,
whose arity indicates the schematic variables used in the rule, the proofs assumed
and the required binding of logic and proof variables. The proof expressions are
defined using a countably infinite set of proof variables, distinct from the logic

Preof 'in a similar way to the logic

and schematic variables and denoted by Var
expressions; for example, the proof expression VI((z)¢)((x)p) is formed from the
proof symbol Y¢~H=PH=Pf the term variable z, the formula ¢ and the proof
expression p. The notions of substitution and a-conversion are similar to those in
definitions 3.1.11 and 3.1.13. Rules are adapted to sets of (n + 1)-tuples of proof
sequents of the form I' =y p : J, where X Za, set of variables of the logic, I is
a set of proof assumptions of the form {p;:Jy,...,Pn:J,}, with Jy, ..., J,, basic
judgements with free variables in X and py,...,p,, proof variables, J is a basic

judgement with free variables in X, and p is a proof expression with free variables

in X and free proof variables in {p,...,p.}

Not all proof expressions denote valid derivations of a logic, just as not all
preterms of a PTS are well-formed. The proof system of first-order logic (exam-
ple 3.2.14) is adapted to incorporate these proof expressions and identify the ones

which are valid, see table 5.2.

A complete encoding maps valid proof expressions to terms inhabiting judge-
ments. We assume that the definitions of derivations and consequence relation
with proofs are obvious adaptations of definitions 3.2.7 and 3.2.11 respectively.
Notice that the consequence relation with proofs for first-order logic satisfies the

following:
weakening ', p: J and I' C A implies A Fxp:d;
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Ip:dtrue =5 q: Ytrue

I'=xD I(¢,%,(p)g) : (¢ DY) true

F'=xp:(¢pDY)true T'=x q: ptrue

r =>x2 E(¢a¢,p’ Q) : z/)true

'=x,.p: dtrue

=y VI((z)¢, (z)p) : Vz.dtrue

I'=sx p:Ve.gtrue

T =5 VE((z)$,t,p) : $[t/z] true

I'=x p:P[t/z]true
I' =x 3E((z)¢true,t,p) : Iz.dptrue

I'=x qg:3z.gtrue T,p: dtrue =>xTetrue

I'=x 3E((x)$, ¥, q, (z,p)r) : Y true

Table 5.2: Proof system of first-order logic with proof expressions.
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substitution of variables T't, p: J implies T[¢/Z] by, oy 0, PIE/T] : T[2/7],
where if I'is {p;:J1, .. ., Pm:Jm } then T[2/T] is {p; : J1[/Z],. ., Pm : Im[E/T]}
and fo(t) = U, fu(t;) for T = (t;,...,t,); '

substitution of proof variables I' -, II; : J;and A, py:Jy, ..., P by 2 K
implies T', A+, Z[II/p] : K[II/p] (renaming variables to avoid conflicting

proof variables if necessary).

5.2.2 Natural encodings

We are now in a position to give a stronger correspondence between first-order
logic and the representing type theory (ELF* % Fo1), by linking the valid proof
expressions with ELF" terms inhabiting judgements. The definition of encoding
is extended to that of a complete encoding which gives a sound interpretation of the
consequence relation with proofs in the entailment relation; a complete encoding
is natural when it provides an exact link between the consequence relations with
proofs and the corresponding part of the ELF" entailment relation. These concepts
are defined at the general level for an arbitrary logic with proof expressions since,
although we do not have a general method for constructing proof expressions, we

are able to characterise their behaviour.

A logic with proof expressions consists of syntax extended to incorporate a class
of proof expressions constructed from a countably infinite set of proof variables.
These proof expressions have the usual notions of substitution and a-conversion
applied to both logic and proof variables. The consequence relation with proofs is
defined as a relation of the form A -, p: j where X is a set of variables of the logic,
A ={p1:j1;- -+, Pm'Im} is a set of proof assumptions, with each j; for i € {1,...n}
a basic judgement with free variables in X and the py,...,p,, distinct proof vari-
ables, j is a basic judgement with free variables in X and p is a proof expression
with free variables in X and free proof variables in {py, ..., p,,}. The proof expres-
sion p is said to be valid. As in the definition of the standard consequence relation
(definition 3.2.11), we impose certain conditions on the consequence relation with
proofs to ensure its compatibility with the entailment relation of ELF'. An intu-

itronistic consequence relation with proofs satisfies the weakening condition and is
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closed under substitution of variables and proof variables (properties listed above

for first-order logic).

Notation Let X;,, be the specification of a logic with proofs in ELFt. We
distinguish the following sets of ELF' terms:

proofy = {p: for some j € judgep, I' I—EL” p:j}

prooffj” = {p:p € proofr and p is in B7-long normal form w.r.t. (X;,,;T)}-
We also use Pppg to denote the set of proof expressions in the logic with subset
P;oe(X, A) containing those proof expressions with free variables in X and free
proof variables in A, for finite sequences of variables X and proof assumptions
A. Let VP,os(X,A) denote the subset Prog(X,A) consisting of valid proof
expressions. We omit the subscript when the logic is apparent.

W O Wi owistae  Onseapence e\alion watl OOLS

5.2.1 DEFINITION Let LOG be an arbitrary logiclencoded in ELF* by I.,,. A
complete encoding of LOG in (ELF*, & Log) 18 @ quadruple (7,§,6,x) such that
(m,€, 6) is an encoding and, for each finite sequence of variables X = (z]*,...,z")
and of proof assumptions A = (p;:j1,--.,Pm:Jm), and some given standard bijec-
tion-h : Vart™f - Var’®¥ the function Xx:a : P(X,A) = T satisfies:

1. xx.a(p) = h(p) for p declared in A;

2. for basic judgement j of the logic and proof expression p,

. . o .. . + .
{Prsn - Pt} F( .y P 7 implies T, Ta Foi™ xxa(p) : 6x(5),

where context I'y is (€x(z;) : 7(01),...,€x(2,) : 7(0,)) and precontext '

is (XX;A(P1) 1.5x(j1),--~Xx;A(Pm) :8x(Im));

3. the xx.a is comﬁositional; that is, for proof expressions Il € P(Y,©) and
24,..., 5, € P(X,A) and term expressions t,,...,t, € T(X), we have

xx.a(Ilft,T/z,7)) = xv;o(ID[€x(t), xx,a(2)/év(2), xv.0(P))-

Notation Let (7,¢,6,x) be a complete encoding and let X = (z*,...,2°") be
a finite sequence of variables and A = (p;:74,...,Pm Jm) a finite sequence of proof

assumptions. We let I'y, ' denote the context

(fx(ml) : 77(01), s 7€X(mn) : n(an)’XX;A(pl) : 5x(j1)’ o 'aXX;A(pm) : 5X(jm))
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in B7-long normal form where, by definition, I'y is a context of sorts and I',
is a precontext of judgements. In (ELF+, T Log), the valid proof expressions are
represented by terms inhabiting judgements; the proof expressions as a whole are
not represented. We therefore restrict xx.n to the valid proof expressions: the
function xx.a : VP(X,A) — proo ff?z’FA is the function extensionally equal to
Xx:a Testricted to the domain VP(X, A).

5.2.2 PROPOSITION Let (7,£, 8, x) be a complete encoding and let X, Y be finite

sequences of variables of the logic and A, © be finite sequences of proof assump-
tions. If pis in P(X,A) and P(Y,©) then xx.A(P) = xv.e(p)-

Proof By the compositional condition given in part 3. O

5.2.3 DEFINITION A complete encoding (7,¢, 8, x) is natural if
1. (n,&,6) is an adequate encoding;

2. for finite sequences of variables X and proof assumptions A, the function

Xx.a: VP(X,A)— proofrﬁz r, is a bijection;

g1

3. the interpretation is complete: that is, for sequences X = (ml yee

.,Z,") and

(P1:91,- -+ » Pm:Jm) Of logic variables and proof assumptions respectively,

FX) FA I_EL” XX;A(p) : 6X(.7) lmphes {pl:jla v 7pm:jm} '—f:;gl 2™} p: j'

5.2.4 THEOREM The signature ¥, provides a natural encoding of first-order
logic in ELF*.

Proof In the proof of theorem 5.1.3, we provide a triple (7,£,68) which is an
adequate encoding of first-order logic in ELF*. We extend it to a natural encoding

by defining, for each sequence of variables X and proof assumptions A, the function
Xx.a - P(X,A) — T, as follows:
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xx;a(p) = P’ peEA
Xx;a(D1(#)(#)((p)g)) = DI(vx(9))(vx (¥))(Ap":6x (¢ true).xx.a(p))
(D E(#)(¥)(p)(9) = D E(vx(¢))(7x (¥)) (xx;a (P)) (Xx:4(2))

Xx:Aa
xx:a(VI((2))((2)p) = VI(Az"0.7x o(6))(Az":t.Xx 2,4 (P))

Xx:a(VE((2))(t)(p)) = VE(Az":11.7x.())) (€x () (xx:a (P))
xx:aGI((2)9)(1)(p) = IT(Aa"0.7x,0(8))(€x () (xx;4 (P))

xx;a(3E((z))(¥)(p)((2,7)(9))) =
FE(Aa"0.7x,2(8))(7(¥)) Ox;a (P)) (A" 2616 o (P true) Xx g 2 (4))

where bijection (_)' : Var®® — Var®™ and the functions vy : F (X) — of\l,
for each sequence of variables X, are defined in the proof of theorem 5.1.3 and
()" : Var®™F - Var’®# is a bijecton. The functions Xx.a satisfy the conditions
required to make (7, &, §, x) a natural encoding. The details are left for the reader.

O

5.2.5 EXAMPLE [Higher-order logic] By proceeding analogously to the first-order
case, one can give a language of proof expressions for higher-order logic and a
formal system for deriving valid proof expressions to provide a complete encoding

of higher-order logic in ELF" which is natural.

5.2.6 THEOREM The signature ¥y, provides a natural encoding of higher-order
logic in ELF*.

Proof Extend the adequate encoding given in the proof of theorem 5.1.8. O

5.2.7 EXaMPLE [Hilbert-style S, It seems likely that the adequate encoding of
Hilbert-style S, in ELF", given in theorem 5.1.11, is not natural. The intuition
behind this claim is illustrated by comparing the standard proof system for Hilbert-
style S, with L., (given in table 5.1). In particular, the derivation

(¢ D Y)true otrue
P true
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for theorems (¢ D v¥)true and ¢true in S, can be linked with two derivations in

Enew:
(¢ D ¢)valid ¢walid

(¢ D Y)true @Ptrue
P true

and _
(¢ D ) valid ¢valid

Y valid

P true

We believe our definition of a natural encoding will permit this intuition to be

made rigorous.

Remark Our approach for reasoning about representations of derivations, based
on the analysis in [HHP89), is clumsy. An alternative approach is to study the rep-
resentations of ‘higher-order’ consequence relations, constructed from Martin-Lof’s
hypothetico-general judgements [Mar85]. A slight variation of ELF", where rule
(s, Judge, Type) is replaced by (s, Judge, Judge) for each s in {Sort, T'ype, Judge},
would allow for a characterisation of the representations of these consequence re-

lations in ELF™.

Remark One interesting problem regarding naturality is to compare the rep-
resentations of Hilbert-style propositional logic, speciﬁed by Yy (a fragment of
¥ 104), and natural deduction-style propositional logic, specified by ¥y, (a frag-
ment of ¥p,). It is intuitively clear that ¥ y,, provides a less natural representation
of Hilbert-style propositional logic than the normal signature ;. It is not so
obvious that the analysis of naturality given in this section can distinguish this
difference. This is because there is a correspondence between the proofs of the
two propositional logics. The rules for the Hilbert-style logic are derived rules
in the natural deduction presentation. The deduction theorem shows that the
D I-rule in the natural deduction system is not derivable in Hilbert-style proposi-
tional logic. Instead, Schonfinkel’s abstraction algorithm [HS88] provides a map-
ping from derivations in the natural deduction propositional logic to the derivations
in the Hilbert-style presentation. Using the higher-order consequence relation pro-

posed above, we should be able to show that ¥y, is a more direct representation
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of Hilbert-style propositional logic tham Y y,;: ¢ = ¢ I-;“t ¢ D 9 is an instance
of the D I-rule, whereas ¢ = 9 l—;m ¢ D 9 does not hold, since we know that the

deduétion theorem is not derivable.
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Chapter 6

Encodings Expressed as Indexed Functors

We have emphasised the similarity in structure between the logics of interest and
their representing type theories, due to the fact that the behaviour of the variables
and the consequence relation of the logic is determined by the properties of the
ELF* entailment relation. Encodings preserve this common structure. This mo-
tivates an algebraic presentation of the logics and their representing type theories
as strict indexed categories [PS78] (or split fibrations [Ben®5]) so that encodings
become indexed functors between them: that is, structure preserving maps rather
than functions satisfying a list of syntactic conditions. More specifically, a logic
with an intuitionistic consequence relation provides a (strict) indexed category,
whose base gives the term expressions and whose fibres are defined by the con-
sequence relation. This approach uses ideas from the area of categorical logic
(initiated by Lawvere [Law70]), but generalised to a wide class of logics. Using
ELF* we are also able to view the representing type theory as a (strict) indexed
category with the sorts providing the base category and the judgements the fibres.
Adequate encodings then correspond to certain indexed isomorphisms. By adapt-
ing both indexed categories to incorborate the extra information regarding the
proofs and inhabitants of judgements, natural encodings also yield isomorphisms

between indexed categories.

The results in chapters 2 and 3 allow a smooth transition from the syntactic

definitions of the previous chapter to the algebraic presentations given here.
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6.1 Indexing of categories

The usual categorical structures for presenting logics and dependent type theories
(see the section, ‘Related research’, in the introduction) employ a categorical no-
tion of indexing. In order to understand the indexing of categories, it is instructive
to look at the indexing of sets, which can be described in two ways. The first is
as a set of indexed categories, {X;}cs, also written as X : I — Set where Set
denotes the class of all sets. The second is as a map f : Y — I where [ is again
the indexing set; the indexed sets are then given by the fibres f~'({¢}). The cat-
egorical counterpart of the first approach is given by indexed categories [PS78],
and that of the second by fibrations [Ben%5]. There are obvious translations be-
tween the two approaches for sets (the analogous categorical concept is called the
‘Grothendieck construction’). It is sometimes preferable, for technical reasons, to
use the fibration approach since, extending the set analogy, the map f is defined
in set-theoretical terms whereas the map X is not; its range is the class of all sets.
We choose the indexed category approach since, for our purposes, it is more natu-
ral to present a logic by first considering the syntax, which provides the indexing,
and then the consequence relation. We concentrate on the definitions necessary for
this chapter; an introduction to category theory is given by MacLane [Mac88] and
a clear exposition of fibrations and (strict) indexed categories is found in [BW90]

and [Jac91].

6.1.1 DEFINITION Let C be a category. A strict indezed category is a functor
F : C® — Cat where Cat is the category of small categories. The category C is
the base category and, for ¢ € 0bj(C), the fibre over c is the category F(c).

Remark A more general notion of indexed category as a pseudo-functor F: C? —
Cat requires isomorphisms F(idg) =~ id¢,; and F(uov) ~ F(u)o F(v) with certain
coherent conditions (see Paré and Schumacher [PS78]). For our purposes, the
indexed categories are always strict and so, in future, whenever we refer to indexed

categories we assume that they are strict.

6.1.2 DEFINITION Let F : A”? — Cat and G : B®” — (Cat be indexed cate-

gories. An indezed functor from F to G is a pair (0p,.,0) consisting of a functor
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Opase - A — B (called the base functor) and a natural transformation o : F —

op
Goo,r .

Certain properties of functors and natural transformations lead to conditions
on indexed functors which are used in the analysis of encodings. An isomorphism
F : C — B of categories is a functor F' from C to B which is a bijection on objects
and arrows. An equivalent definition is that there exists a functor G : B —» C
such that F o G = idg and Go F = idy. A functor F : C — B is faithful (or an
embedding) when, to every pair c,c¢ € 0bj(C) and to every pair f;, f: ¢ — ¢ of
morphisms of C, the equalities Ff; = Ff,: Fc — Fc imply f, = f,. We will also
require some properties of natural transformations. Given functors F,G : A — B,
a natural isomorphism o : F — (G is a natural transformation in which every
component o, for a € obj(A), is an isomorphism. The inverses of the o, are the
components of a natural isomorphism al: G - F, which we call the inverse
natural transformation for a. We write F' ~ G when such a natural isomorphism
exists. A faithful natural transformation 8 : F — G for F and G as above has

faithful functors for its components.

6.1.3 DEFINITION A faithful indezed functoris an indexed functor with a faithful

base functor and a faithful natural transformation.

6.1.4 DEFINITION An indexed isomorphismis an indexed functor whose base func-

tor is an isomorphism and whose natural transformation is a natural isomorphism.

6.2 Logics as indexed categories

We provide a methodology for presenting logics with intuitionistic consequence
relations as indexed categories, where the term expressions provide the base cate-
gory and the consequence relation the fibres. The common structure is determined
by the properties of the ELF' entailment relation which dictates the behaviour
of the variables and consequence relations of the logics under consideration. This
approach is based on the algebraic characterisation of particular logics and their
models (initiated by Lawvere [Law70]), but generalised to a wide class of logics.

It concentrates on the abstract view of logics as consequence relations (due to
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Tarski [Tar56]) and provides the rudiments of an algebraic framework for such

logics.

For a logic with an intuitionistic consequence relation, the base category is

determined by the term expressions.

6.2.1 PROPOSITION Let LOG denote an arbitrary logic with an intuitionistic con-

sequence relation. Then the following defines a category:
objects finite sequences of distinct logic variables;

morphisms finite tuples of term expressions (t,...,t,): X — yle (Y1, - ,yn)\
such that, for each 7 € {1,...,n}, the ¢; and y; inhabit the same
syntactic class;

composition if (t;,...,t,) : X - Y = (yy,...,9,) and (sq,...,8,,) : Y — Z then
(8152 8m) 0 (1, -, ty) is (s1[2/F)y- - sm[T/7]) : X — Z;

identity (1,0 2,) : X = X = (z4,...,1,).

Proof Use proposition 3.1.14 and the substitution results (proposition 3.1.15) to
show that A is a category. O

6.2.2 DEFINITION Let LOG denote a logic with an intuitionistic consequence re-

lation. The category defined in proposition 6.2.1 is the term category for LOG.

Remark An analysis of the structure induced by the expression symbols is not
given as this structure is not present in the type theory (typically we represent
these symbols by constants in the signature). This analysis should be possible

using the information provided by the accompanying arities (section 3.1).

Remark We have chosen to define the objects of the base category as sequences of
variables to give an easy correspondence with the contexts of sorts. An alternative
is to use sets of variables and either define an equivalence on the context of sorts
using the permutation lemma or work with some standard enumeration of logic
variables to determine the corresponding context. Both approaches introduce extra
complication when studying encodings as indexed functors. For the same reason,

we also present the assumptions as finite sequences of judgements.
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6.2.3 PROPOSITION ‘Let LOG denote a logic with an intuitionistic consequence
relation. Then the following defines an indexed category £ : A”” — Cat. The
base category A is the term category for LOG and, for each X = (z7*,...,z ") in
obj(A), the fibre £(X) is:

objects finite sequences of judgements with free variables in X;
. . . : : LOG
morphisms (jy,...,jn,) = (ky,...,k,) whenever {j;,...,j,} }_{xl,...,z,.} k; for
ie{l,...,p}

For each morphism (¢;,...,t,) : ¥ - X = (z,...,z,) in A, the functor
L((t1,...,8)F: X =Y)= ()" : L(X) — L(Y) is as follows:

@) ((Grs-- -5 Im)) = ([¥/Ts - -, Gl E/7);

@ (G- 1 Imd = (ks k) = (a3, - JmlE/3]) — (ki[2/7), . Ky [2/7)).

Proof The fibre £(X), for each X € obj(A), is a preorder since the logic has
a consequence relation which is closed under cut (definition 3.2.12). By propo-
sition 3.1.14, we know that (¢;,...,t,)" is well-defined. It is a functor from the
consequence relation preserving substitution (definition 3.2.13) and the substi-
tution results (proposition 3.1.15). The functor £ : A” — Cat is therefore
well-defined. It preserves identity and composition using the substitution results

(proposition 3.1.15). 0O

Remark Notice that the proof of this proposition requires that the consequence
relation preserves substitution (proposition 3.2.13) and satisfies the following cut

condition:

if {j1,...,Jn}Fy ki forie {1,...,m} and {k1,...,kpn} 5  then
{71, s dn} Py L

The weakening property for intuitionistic consequence relations and the fact that
these relations are defined on sets is not fundamental to our presentation of logics
as indexed categories. We concentrate on these logics since they must have this

property to be encodable in ELF?.
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6.2.4 DEFINITION Let LOG be a logic with an intuitionistic consequence rela-
tion. The indexed category defined in proposition 6.2.3 is the indezred category
determined by LOG.

Remark The standard motivation for presenting logics categorically is to ex-
plain the structure of particular logics: that is, to give a categorical account of
the behaviour of the connectives and quantifiers. It is well-known, for example,
that the universal quantification of intuitionistic first-order logic is right adjoint
to substitution. This analysis concerns the specific properties of logics and, al-
though interesting, is not of fundamental concern to us. Of more relevance is
an explanation of the general stucture common to all logics; the consequence re-
lation, defined from sets of assumptions and logic variables, corresponds to the
base category and fibres having products; Martin-L6f’s hypothetical and general
judgements give cartesian closed categories for the fibres in which right adjoints

to substitution exist.

6.3 ELF" as an indexed category

We do not take the standard categorical approach to representing type theories.
Our presentation is motivated by the use of the type theory as a framework for
representing logics. It has already been emphasised that not all of the entailment
relation of the representing type theory corresponds to the consequence relation of
the underlying logic and, therefore, the whole theory is not presented as an indexed
category. Instead, we take advantage of the separation of ELF" terms into sorts,
types and judgements to provide an indexed category whose base category is given
by the inhabitants of sorts and whose fibres are given by the judgements. We con-
centrate on ELF™ terms in A7-long normal form since the definitions of adequate
and natural encodings are given with respect to these forms. An alternative is to

present the categorical structure up to 87-equivalence.

The base category of the indexed category determined by (ELF*, & Log) 1S

defined using the inhabitants of sorts.

124



Encodings Expressed as Indexed Functors

6.3.1 PrROPOSITION Let (ELFT, ¥ 10) be the type theory representing a logic.
The following defines a category B:

objects contexts of sorts in #7-long normal form;

morphisms 'y — Ag = (z;:4,,...,2,:A4,) are finite tuples (¢,,...,t,) of
ELF™" terms, such that I'g Fsroe ti P Ailty -y tisy /21, - i) for
i € {1,...,n} and each t; is in #7-long normal form with respect
to (ELag;FS); ‘

composition for morphisms (¢,...,t,) : ['s — Ag = (z;:4,,...,2,:4,) and
($1y--+18m) : Ag — Og, their composite (sy,...,5,)0(ty,...,t,) is
(s1[t/2],- .., s,[2/7]) : s — Og;

identity (1, 2,) 1 Ag = Ag = (z:44,...,T,:4,).

Proof To determine that composition is well-defined, we must show that
r "gbogtiiAi[th~--,ti—1/"313-~-,$i—1]’ i € {1,...,n}, and z:4,,...,2,:4, F—Ehga
implies T’ I—EIM o[t/z] where a is an ELF" assertion. By the thinning lemma
(lemma 2.3.6) and renaming variables if necessary, [, z,:4,,...,2,:4, I_ELO., a and
so, by the generalised substitution lemma (lemma 2.3.5) and, observing that sub-
stitution of sorts preserves §7-long normal forms, the result follows. Using the
start lemma (lemma 2.3.3), the identity is well-defined. The definition of simulta-
neous substitution, together with the accompanying results (proposition 3.1.15),

give the identity and associative laws. O

6.3.2 DEFINITION Let (ELF*, X Log) be the type theory representing a logic. The
indexed category defined in proposition 6.3.1 is the sort category of (ELF*t, Log) -

Remark We have given no account of context extension: that is, given a context
I' and an entailment I' - A : u for universe u containing variables, the extension
is I'z : A. This analysis is not essential for our purposes and is omitted since,
although there has been much research in this area (see [Jac91] and the references
therein), there is no definitive account of context extension. It is also beyond
the scope of this thesis to give a full ekplanation of the structure arising from

II-abstraction.
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Using the sort category we define the indexed category determined by
(ELF* |2 Log) Which presents the subtheory corresponding to the encoded logic.

6.3.3 PROPOSITION Let (ELF™, Y 10g) be the type theory representing an arbi-
trary logic. Then the following defines an indexed category £ : B — Cat. The
base category is the sort category of (ELF*, ¥ 10g), and, for each I'y € obj(B), the
fibre £(I'g) is the preorder category given by:

objects finite sequences of judgements J;,...,J, with J; € judgef‘z for
te{l,...,n}

morphisms (J;,...,J,) — (K;,..., K,,) whenever
Tg,p1:d1, - s Pridn I_ELO,, -:K; for j € {1,...,m}, where _: K;
denotes the inhabitation of judgement Kj.

For each morphism (¢,...,t,): Ag = I'g = (z,:4,,...,z,:4,) in B, the functor

E:((ty,.,t,)P:Tg— Ag)= ()" : E(Tg) — E(Ay) is given by:

@) (1 Tm)) = (Ni[E/Z); -, T F/2]);

@ (J15- -5 Im) = (Kyy -, K0)) = (W[H/3, ., Tl E/3]) — (K0 [E/7], . ., K[ E/3])
Proof The fibres are seen to be preorders using the start lemma (lemma 2.3.3),
the generalised substitution lemma (lemma 2.3.5) and the substitution results
(lemma 3.1.15). For each morphism (¢,,...,t,) : Ag — [g, (£)* provides a well-

defined functor using the generalised substitution lemma and the start lemma.

Finally, £ is a functor, again by the generalised substitution lemma. O

6.3.4 DEFINITION Let (ELF+, Y1) denote the type theory representing an ar-
bitrary logic. The indezed category determined by (ELF', % Log) is the indexed
category defined in proposition 6.3.3.

Remark Since adequate encodings focus on representing the consequence rela-
tions of logics, the fibres of the indexed category determined by the representing
type theory are preorders: that is, we concentrate on inhabitation of judgements
rather than the terms inhabiting judgements. To study complete encodings, these
indexed categories must be adapted to incorporate the extra information given by

the inhabiting terms (definition 6.5.4).

126



Encodings Expressed as Indexed Functors

6.4 Adequate encodings give indexed isomorphisms

We are now in a position to show that the syntactic definitions given in chapter 5
correspond to simple categorical concepts; more specifically, encodings give rise
to indexed functors such that adequate encodings correspond to indexed isomor-

phisms.

Notation Let (7,,6) be an encoding of a logic in ELF" with standard bijections
f¢:Var® — Var®. Recall that when X = (z7',...,2.") is a finite sequence of
variables of the logic we let I'x denote (f7*(z,) : 7(ay),..., 7 (z,) : n(0,)).

Also, if (1,¢&, 6) is an adequate encoding and ¢° : Var®™ — Var® is the inverse of
f%, then, for T'g = (z;:4,,...,z,:A,) a context of sorts in 37-long normal form,
we let Xy, denote (g ”_1(A1)(:c1)"_1(A"),. " ,g"_l(A")(:cn)"_l(A“)), where 77! is the

inverse of : § — sort<)

6.4.1 THEOREM Let (7,£,6) be an encoding of a logic LOG with an intuitionistic
consequence relation in ELF", and let the indexed categories determined by LOG

and (ELF*, ©,,,) be £ : A” — Cat and 5 B — Cat respectively. We can
\g\/\\c\‘ ‘S VAN &m on o
define a faithful indexed functor denotecf by (€pase, €) : L — &, consisting of base

functor e,,. : A — B and natural transformation e : L’ — & 0 €p,5., Where

Cuane(27 -, 27)) = (Ex(21) : A1) 1 Ex() : 1(02)) for X = (ny. .22
ebase((tl’ s ,tn) : X - Y) = (€X(t1)7 s 7£X(tn)) : ebaae(X) - ebase(Y),

and, for each X € obj(A),

eX((‘]la"'aJn)) = <5X(J1)a"-a5X(Jn)>;
eX((Jla' ",Jn> - (KI’ .- "Km>) = <6X(J1)a' .- a6X(Jn))_)<6X(K1)a‘ o aéX(Km»'

Proof e,,,. is well-defined since the encoding maps distinct logic variables to
distinct sort variables and term expressions to inhabitants of sorts satisfying the

properties stated in condition 2 of definition 5.1.4. Composition is preserved since

a1
19

preserved. For each X € obj(A), we have a well-defined functor ey since the

£x is compositional for each X = (z z,") and the identity is obviously

encoding gives a sound interpretation of the consequence relation in the entailment
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relation and the identity and composition are obviously preserved because £(X)

and &£ o ep,,.(X) are preorders. These functors give a natural transformation

e : L — & since the functions 6y : J(X) — judgeﬁ" are compositional. It is
andinedoart  oa deied X

faithful jsince 7 and, for each X € obj(A), {x and 6x are injective functions. O

6.4.2 DEFINITION Let (7, &,6) be an encoding of an arbitrary logic LOG in ELF™.
The indezed functor determined by (n,€,6) is the indexed functor defined in the-

orem 6.4.1.

The converse of theorem 6.4.1 does not hold; that is, not all indexed functors
give rise to encodings. For example, there is no guarantee that an indexed func-
tor preserves the ordering, or even the length, of tuples. We believe that a more
detailed analysis of the structure of these indexed categories (in particular, the
categorical interpretation of sequences and contexts) will yield a two-way corre-
spondence. We are able to deduce, however, that the indexed functor determined
by an encoding is an indexed isomorphism if and only if the encoding is adequate. ‘
This strong correspondence is feasible since we are dealing with a particular in-
dexed functor, given by the encoding, which preserves the ordering and length of
tuples. The preservation of structure gives rise to the following lemma, used to

link adequacy with isomorphisms.

6.4.3 LEMMA Let (7,¢,68) be an encoding of LOG in ELF* by Yo Such that
the indexed categories determined by LOG and (ELF*, & Log) are L : A® — Cat
and £ : B® — Cat respectively. Let the indexed isomorphism (ep,,., e): L&
be determined by the encoding and let (fy,,., f) : £ — L be the inverse indexed

functor for (ey,,., €).

1. Given

fbaae((ﬂy ,5) : FS —'; AS) = (u_ t,)ﬁl) : fbase(FS) - fbase(AS);
fbase((_f’ ay) : Ffs' - Afg) = (:—L'J’t”’y’) : fbase(r‘fg) - fbase(Atg)’

where (%, t,7) and (Z,t,y) denote two arbitrary morphisms in B containing

ELF" term t, we have

(a) the lengths of I's and fy,,.(I's) and of Ag and f,,.(Ag) are the same;
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(b) the lengths of 7 and @ and of ¥ and 7’ are the same;

(c) t' =1¢".

2. For each I's € obj(B), given

fl"s((;"]:_)) = (._77,7JI)F);
fl"s((ﬁ7 Ja@)) = <p-l7 JII,_qJ)a

where (7, J, k) and (5, J,g) denote two arbitrary objects of £(I') containing
J € judgef,z, we have: '

(a) the lengths of 7 and 7 and of k and & are the same;
(b) J' =J".

Proof By the definition of (e,,.,e) we know that the functor e,,,, and, for
all X € obj(A), the functors ex preserve order and length of sequences and tu-
ples. This yields parts la, 1b and 2a. Parts 1c and 2b follow from the equalities
€base © frase = 1dp and ep  (rs) © fry = idgrs), for each I's € obj(B), and the
injectivity of 7 and £, 6x, for each X € obj(A). O

We are now in a position to show that adequate encodings correspond to in-

dexed isomorphisms.

6.4.4 THEOREM Let (7, £, 6) be an encoding of an logic LOG with an intuitionistic

consequence relation in ELF" and let (€pases €) : £ — & be the indexed functor
determined by (n,¢,6), where £ : A” — Cat and € : B® — Cat. Then (n,¢,6) is

adequate if and only if (epq,, €) is an indexed isomorphism.

Proof Since (7,£,6) is an adequate encoding, we know that there are functions
5}.3 : te:cpf,z — T(Xr,) and 6;.8 : judgeiz;' — J(Xp,), for each context of sorts
I's in B7n-long normal form, which are inverse to ¢ Xrg and 5X1's' We use these
functors to provide an indexed functor (fiu.., f) : & — L which is the inverse

indexed functor of (e, €).

The base functor f,,. is given as follows:

fbase((xl:Ala LR xn:An» = <€£‘s (ml)n_l(Al)) cee ’E;‘S (xn)n_l(An)>)

where I's-is (z1:4;,...,2,:4,);
fbaae((tla s >tm) : FS - AS) = (ﬁ;‘s(tl)) s )Ei‘s(tm)) : fbase(FS) _) fbaae(AS)a
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and, for each context of sorts I'g in #7-long normal form, the natural transforma-

tion f: & — Lo fy,,. is defined, for each I'y € obj(B), by

fI‘s((Jla ceey Jm)) = (5;}5(']1): cee )5;‘5(‘]171));
fl‘s((']la ] Jm) - (Kl’ L >Kp)) = (6;‘5(‘]1)1 te ’6;‘S(Jm)> -
(8, (K1), 85 ().

That (fyese, f) provides an indexed functor from &€ to £ follows from the conditions
satisfied by n~?, E;,s and 6;5 for 'y € obj(B). In particular, we have that f,,. pre-
serves compositionality and that fr, for each I'y € 0bj(B), forms the components
of a natural transformation since {;,s and 5;, preserve substitution (see proposi-
tion 5.1.5): that is, given s € sorti”s,j € judgei”s, where Ag = (z1:A44,...,2,:A,)
is a context of sorts in B7-long normal form and I'g F ¢, : A;[ty, ..., ¢t /2, ..., Ti4],

we have

Eps( s[2/7]) = €5 ()€, () /e, (@)];
8p, (32/7) = 6,5 ()Er, () /€5, ()],

The indexed functor (fy,,., f) is inverse to (epq,e, €) since, for each X € obj(A),

the functions 77, §;,X and 5;,}{ are inverse to 7, {x and dx respectively.

We now show that whenever (e,,., €) is an indexed isomorphism then (7, £, §)
is an adequate encoding. This relies on lemma 6.4.3. Let (fy.,., f) : € — L be
the inverse indexed functor of (e, e). Define 7’ : sort’é3 ;’ — S and, for each

I's € obj(T'g), f{,s : te:cpfiz — T and 6;3 :judgegz — J as follows:
e 7/(A) = o for each A € sort’(a’;, where fi,..((z: 4)) = (¥7);

) £{,S(t) =t foreacht € sortgz, where fbase((:vl; coyZp,t) : Tg =Tzt A) =
(yl’ e 'aymtl) : fbaae(PS) - fbase(FS’x : A)a

. 6;.5(]') = j' for each j € judgeﬁ’s’, where fr ((j)) = (5").

The function 7’ is well-defined by lemma 6.4.3, the injectivity of # and the equality
€base © foase = 1dp. It is the inverse of 7 since fi,,. is the inverse functor of e;,,.. For
each I'g € obj(B), the function 6;5 : te:cp’f,: — T is well-defined by lemma 6.4.3
and the fact that the objects are contexts in B7-long normal form. The equality
€base © frase = tdp implies, for each I's € obj(B), that fé,s(t) C T(Xr,) where,
if [g is (z1:44,...,2,:4,), then Xp._ is (5;\5(:1:1)"1('11), o ,E;s(a:n)"l(A")); we write
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f;,s(t) : tea:pgz — T(Xy,). For each X € obj(A), the function E;,X : tempﬁl —
T(X) is inverse to £x : T(X) — tewpgl since fy,,. is inverse to ep,,.. We use
a similar argument, this time appealing to the fact that functor fp, : £(I'x) —
L(frase(T'x)) is inverse to functor ey : L(X) — E(epqe,.(X)), for all X € obj(A), to
show that the function 5;‘X : j'u,dgelﬂ,:’( — J(X) is inverse to §x : J(X) — judgeg')’(.
Finally, the result

Le,p1:01s s Pmidm l—gi’i+ _:j : Judge implies

{6;‘5(]’1)1 AR 6;*3(]17&)} }—er 5;‘5(])1

where if I'g is (z;:4;,...,2,:4,) then Xy is (f;s(:cl)”l(A‘), e ,§{,S(mn)"l(A")), fol-

lows from lemma 6.4.3 and the fact that (fy,,., f) is an indexed functor. a

6.5 Natural encodings give indexed isomorphisms

The categorical presentation of adequate encodings does not require an explicit
account of the derivations of a logic or the terms inhabiting ELF" judgements.
We now include this information regarding proofs in order to express complete en-

codings as indexed functors, with naturality again corresponding to isomorphism.

The definition of the complete indexed category for LOG, which includes the
proof information, has the term category of LOG for its base. Its fibres are defined

using the proof expressions rather than just the consequence relation.

6.5.1 PROPOSITION Let LOG be an arbitrary logic with an intuitionistic conse-
quence relation with proofs. An indexed category, denoted by Lp : A% — C’at,
has the term category for LOG (definition 6.2.2) as its base category and, for each
X € obj(A), the fibre Lp(X) consisting of:

objects finite sequences of proof assumptions (p;:j1,. .., Pnifn);

morphisms finite tuples of proof expressions
(g, .., I0,) t (Prid1s - - - Paidn) = (Quikey - - o ik );
composition for (II;,...,IL,) : (p1:71,-- - Pnidn) — (g1:ky,- - -, @nik,,) and for
(B0 B0) i {qrikyy - ooy Gmikm) = (81304, .. ., 5,:1,), the composition
(%y,...,8,) 0 (Oy,...,I0,,) is
(B1[T1/g), - -, ZT0/Q)) < (Priday - - > Paidin) = (S1l0s- -, 800,);
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identity (pla s )pn) : (pI:jI, ce )pn:jn> - <p1:j1) ce )pn:jn)'

For each morphism (¢;,...,t,) : X = Y = (y;,...,9,) in A, the functor
Lp((ty,--t)T: Y 5 X)= ()" : Lp(Y) - Lp(X) is given by

O (P11 s Pmidm)) = (1 1[/T] - s Pm t T /)5
(z)*((nl) A Hr) : (plzjla tee :pm:jm) - (ql:kli tee 7qr:kr)) =
(Hl[z/g]’ R H,[Z/y]) : (?)((pljl) tee ,pm:jm)) - ({*)(<q1:k1a A q-r:kr))’

Proof The proof follows from the substitution results (proposition 3.1.15) and the
consequence relation being closed under substitution of logic and proof variables,

as specified in section 5.2.2. O

6.5.2 DEFINITION Let LOG be an arbitrary logic with an intuitionistic conse-
quence relation with proof. The complete indexed category for LOG is that defined

in proposition 6.5.1.

The inhabitants of the ELF™* judgements are incorporated into the indexed cate-

gory determined by (ELF"', Y1) in a similar fashion.

6.5.3 PROPOSITION Let (ELF+, T 10g) be the t‘ype theory representing an arbi-
trary logic. We may define an indexed category, denoted by £p : B — Cat, with
the sort category for (ELFT, & Log) (definition 6.3.2) as its base category and, for
each I'g € obj(B), the fibre £p(I's) consisting of

objects precontexts I';, where I'; is (p;:Jy,...,p.:J,), such that
J; € judgegz fori e {1,...,n}and 'y, p;:J4,. .., Pn:J, is a context;

morphisms finite tuples of ELF* terms
(,...,10,) : Ty - A; = (q:Ky,...,q,:K,,) such that
s, Pybyg, o it Kiforie{l,...,m}

composition for (II,,...,II,) : T; —» A, and (5,,...,%) : A; — Oy, the
composition is (£,[II/g],...,Z[M/q)) : T'; — ©;

identity (P1s--»0n) : Ty = Ty =(py:dyy -y Paidn)-

For morphism (t,...,t,) : s — Ag = (y;:4;,...,Y,:A4,) in B, the functor

Ep((t1,-.-,t,)" :Ts — Ag) = ()" : Ep(Ag) — Ep(Ty) is given by

@) ({pr:d1s - > Pmidm)) = (p1 : [/, - - P = T [E/70);
()7 ((My,...,IL) : Ty — Aj) = (Wy[2/7), ..., TL[/7) : T, [E/7] — A,[E/7).

132



Encodings Expréssed as Indexed Functors

Proof The proof that the £p(I'g) are categories follows the same reasoning as in
the proof of proposition 6.3.1. For each morphism (y,...,t,)", the (I)* provides a
well-defined functor using the generalised substitution lemma (lemma 2.3.5) and
the start lemma (lemma 2.3.3). Finally, £p is a functor, again from the generalised

substitution lemma. O

6.5.4 DEFINITION Let (ELF', © Log) Te€present an arbitrary logic. The complete
indezed category for (ELF', Log) is that defined by in proposition 6.5.3.

6.5.5 THEOREM Let (7, £, 8, x) be a complete encoding of a logic with an intuition-

istic consequence relation with proof represented in ELF*, and let the complete

indexed categories be Lp : A”? — Cat and £p : B — Cat respectively. A faithful
Wakh 15 \v\)ecM on 60;“-‘6

indexed functor from Lp to £ plcan be defined, with the base functor e;,,. : A — B,

defined in theorem 6.4.1, and natural transformation ce: Lp — Ep o ep,,. defined,
for each X € obj(A), by

cex((P1:J1 -+ Pmidm)) = (XX;A(P1) :8x (1), - aXX;A(pm) :8x(Im));
ceX((Hla R Hl) : (p1:j1> cee )pm:jm) - <q1:k1a AR QI:kl»
= (XX;A(HI)? coe aXX;A(HI)) :'ceX(<p1:j1) cee ’pm:jm» - CeX(<q1:k1) sy QI:kl>),

where A is (p1:J1,- - s Pmidm)-

Proof We have a natural transformation ce : Lp — &£p o €;,,. by the compo-
sitionality of §x and xx;a, for X € obj(A) and A € obj(Lp(X)). It provides a
Wk 18 InledR  ow ol o

faithful indexed functor |since 7 and for each X € obj(A) and A € obj(Lp(X)),

the functions {x, 6x and xx.a are all injective. O

Remark Just as in the encoding case, we believe that, with more analysis of the
structure of these indexed categories, the converse may be proved. This analysis

is beyond the scope of this thesis.

6.5.6 DEFINITION Let (7,€,6,x) be a complete encoding of a logic with an intu-
itionistic consequence relation with proofs in ELFY. The indezed functor deter-

mined by (n,&, 8, x) is that defined in theorem 6.5.5.

Remark By definition we know that a complete encoding is an encoding with

an extra correspondence satisfying certain conditions. This is reflected in the
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categorical treatment by defining the indexed functors (id4, F) : Lp — £ and
(idp, FE) : Ep — &, where F£ and F* are natural transformations whose compo-
nents are the obvious forgetful functors losing the information regarding the proof

expressions and the inhabitants of judgements respectively, to obtain the equality
) c ) £
(ebase) 6) ° (ZdAa F ) = (ZdB’ F ) ° (ebase) ce);

that is, ep,,. 0tdy4 = tdp 0 €y, and, for each X € obj(A), ex 0F§ = Ffb (x) ° cex-

6.5.7 THEOREM Let (0,£,8,x) be an encoding of a logic with an intuitionistic
consequence relation with proof in ELF*, and indexed functor (epases€) : Lp — Ep
be the indexed functor determined by (7,¢&,6,x), where Lp : A®” — Cat and
Ep : B — Cat. Then (9,&,46,x) is natural if and only if (e,,., ce) is an indexed

isomorphism.

Proof Adapt lemma 6.4.3 for (fyese,cf) : Ep — Lp, the inverse indexed functor

of (€pgpe;c€) : Lp — Ep. The proof is similar to that of theorem 6.4.4. a
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Chapter 7

Conclusions and Future Work

In this thesis we have introduced and explored the new framework ELF*. An im-
portant achievement is that, with this framework, we are now able to characterise
what it means to represent a logic. More specifically, we have concentrated on
characterising two consequence relations defined using the proof system of a logic:
the usual consequence relation associated with natural deduction systems and a
consequence relation with explicit reference to proofs. In this concluding chapter,

we summarise some important directions for future work arising from this thesis.

Several specific areas for further research have been identified in earlier chap-

ters, and include:
e proof search and general tactics for representations in ELF™" (page 98);
o weaker notions of encoding (page 98);

e the comparison between ELF" and Martin-Lof’s type theory with the judge-
ments A set, Aprop and Atrue (example 4.2.2);

e the representation of side-conditions using the universe T'ype (page 109);
e an algorithm for constructing #7-long normal forms (section 4.2.4);
e an alternative method for incorporating signatures in PTSs (section 2.2).

In the following sections, we briefly discuss some wider issues, regarding repre-

sentations of logics in frameworks.
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Consequence relations from derivations

In our analysis of representations, we have focused on two types of consequence
relation given by the proof system of a logic. Since our ultimate aim is to mimic
the proof system of a logic using its representation in the framework, the in-
vestigation of the most appropriate consequence relation, which provides enough
information to reconstruct the derivations, is an important area to explore. One
possibility is to use a higher-order consequence relation, based on the basic and
higher-order judgements of Martin-Lof [Mar85] (see chapter 3), to retain informa-
tion regarding the dependency of proofs and the binding of variables in derivations.
Using a slight adaptation of ELF*, where the rule (s, Judge, T'ype) is replaced by
(s, Judge, Judge) for each s € {Sort, T'ype, Judge}, a general description of the
ELF™ terms corresponding to the basic and higher-order judgements is possible.
We believe that this general description will allow the characterisation of represen-
tations of higher-order consequence relations in ELF*, and thus provide an easy

analysis of the representation of the structure of derivations.

An alternative approach is to have a more direct representation of the rules as
closed terms (with no free variables) in Judge; that is, rules are specific
Il-abstractions in Judge rather than terms inhabiting judgements. For example,

the VI-rule of first-order logic would be identified with the ELF* judgement

g, ¢o.(true(p) — true(y)) — true(d D ¥).

This is a very different concept of representation and so is inevitably more specu-

lative than the one discussed above.

All the notions of consequence relation considered so far are defined with re-
spect to sets of assumptions and indexed by sets of variables, since the restriction
to sets is required if the consequence relation is to be represented by the ELF*
entailment relation. Viewing derivations of natural deduction systems as trees,
it makes more sense to consider multisets of assumptions (advocated in [Avr91]):
that is, collections of judgements where the ordering is not important but the
number of occurrences is. This leads us to the concept of a'‘linear’ consequence

relation defined using multisets of assumptions and indexed by sets of variables.

136



Conclusions and Future Work

Work in progress on a linear ELF [MPP92], transferring ideas from Girard’s lin-
ear logic [Gir87] to type theory, should be relevant here. These ideas should be

compatible with the higher-order consequence relations discussed above.

Schematic consequence relations

When using logics, one usually works with derivations and the consequence relation
at the schematic level. The study of schematic consequence relations arising from
proof systems, an area also proposed by Aczel [Acz91], is therefore important; this
study would yield a deeper understanding of the ihformal method of representation
in ELFT, which relies on the schematic presentation of rules. It may even be
possible to provide a methodology for representing logics of a certain standard
form, rather than just an informal method which one must then show to be correct.
This standard form would not constitute a framework since logics would not be
presented using a finite amount of information, but it would give a transitory stage

from which representations in ELF" should be easy to obtain.

If we wish to investigate the schematic nature of logics, an alternative ap-
proach to frameworks may be more appropriate, where the standard variables and
schematic variables of the logics are treated separately. This separation of vari-
ables is motivated by the observation that, at the schematic level, substitution is
a common notion, whereas a common behaviour of variables of the logic is not so
obvious: for example, the variables of first-order logic, Hoare logic [Apt81] and the |
w-calculus [MPW89] have very different behaviours (see section 3.1). With this
approach to frameworks, we would aim, for instance, to capture a-conversion a1£

the logic level and substitution at the schematic level.
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Algebraic frameworks

Our work on the algebraic formulation of logics and their representations in ELF*
provides a link between syntactic and algebraic notions of frameworks. In chap-
ter 6, we present logics and their representing type theories as (strict) indexed
categories where the amount of information within these indexed categories de-
pends on the particular consequence relation under investigation. We have shown
that, for both types of consequence relation discussed in this thesis, encodings
determine indexed functors such that “correct”encodings give rise to indexed iso-
morphisms. We conjecture that further analysis of the general structure of these
indexed categories, and in particular of the categorical interpretation of sequences
and contexts (a major research area at the moment), will give an exact correspon-
dence between encodings and indexed functors and, hence, a precise link between
the syntactic and algebraic presentations. These ideas should also apply to the
notion of a higher-order consequence relation discussed above, with the higher-
order structure amounting to the fibres being cartesian closed categories with
right adjoints to substitution. Our ideas thus form the beginnings of an algebraic

framework for representing logics.
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Appendix A

The Type Theory ELF

The original presentation of ELF [HHP89] is given in this appendix. In chapter 2,
we present an equivalent type theory which is notationally more concise and easier

to understand.

A countably infinite set of variables is given and two countably infinite sets
of constants, disjoint from each other and from the variables: one for object-level
constants, the other for family-level constants. The meta,variab]eé z, ¥y, and z
range over the variables, ¢ and d range over the object-level constants, and a and b
over the family-level constants. The abstract syntax of the terms of ELF is given

by the following grammar:

Kinds K == Type|llz:A.K
Families A = a|lz:A.B|Az:A.B| AM
Objects M = c|lz| Xs:AM|MN

The abstract syntax for signatures and contexts is given by the grammar:

Signatures L o= ()]5,aK|2,cA
Contexts ' == ()| z:A

The ELF type theory is a formal system for deriving assertions of one of the

following forms (the intended meaning is in brackets):

T sig (X is a valid signature)
Fe T (T is a valid context in )
Thy K (K is a kind in T and %)

F'Fs A K (A has kind K in I" and ¥)
'y M: A (M has type A in T and ¥)
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Valid Signatures
(B-EMPTY-SIG)

() sig

Ysig Fg K a¢dom(X)
¥,a:K sig

(B-KIND-SIG)

Y sig by A:Type ¢ ¢dom(X)

(B-TYPE-SIG)

¥, c:A sig
Valid Contexts 5
sig
B-EMPTY-CTX
( ) P ()

Fe T Thg A:Type z ¢ dom(I)

(B-TYPE-CTX)

FeTLz:A
Valid Kinds T
(B-TYPE-KIND) e
I' kg Type
Iz:AFg K
(B-PI-KIND) Trg oA K

Table A.1: The LF Type System

We write I' k5 o for an arbitrary assertion of one of the forms 'y K, ' kg A : K,
or I' by M : A. The rules for deriving the formation assertions of the ELF type
theory are given in Tables A.1 and A.2.

The inference rules of the ELF type theory make use of a definitional equality,

consisting of the following three forms of assertion:

'ty K=K (K and K’ are definitionally equal kinds in T and X)
Iy A=A (A and A’ are definitionally equal families in T and %)
Tty M =M (M and M’ are definitionally equal objects in T’ and X))

The first two of these relations are used directly (rules B-CONV-FAM and B-CONV-
0BJ); the third is used to define the others.

The definitional equality relation considered is 3-conversion of the entities at
all levels. Thus we define the definitional equality relation, =, between entities of

all three levels to be the symmetric and transitive closure of the parallel nested
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Valid Families

Fe ' acKeX
(B-CONST-FAM) z. ¢ e

Trgc: K

I'z:Alg B : Type
I'byg z:A.B : Type

(B-PI-FAM)

I'z:Aby B: K
I' 5 Az:A.B : lIz:A.K

(B-ABS-FAM)

I'ts A:lle:B K Thg M: B
kg AM : [M/z)K

(B-APP-FAM)

Tty A:K Thg K' THg K=K’

(B-CONV-FAM)

F }—E A . KI
Valid Objects
(B CONST OBJ) FeI' ccA€eX
- - r l—z c: A
e ' z:A€l
(B-VAR-OBJ) oA
(B-ABS-0BJ) I'z:Abg M : B
o I'kg Az:A.M : 1Iz:A.B
(B-APP-OBJ) by M:Oz:AB Ty N: A

'ty MN :[N/z]B

ThgM:A Thg A :Type Ty A=A
Thg M: A

(B-CONV-0BJ)

Table A.2: The LF Type System (continued)
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R-REFL _—

M- M ‘N - N
(Az:A.M)N — [N'/z]M'

(R-BETA-OBJ)

B—-B N-=N
(Az:A.B)N — [N'/z]B’

(R-BETA-FAM)

M—-M NN
MN — M'N’

(R-APP-OBJ)

Ao A MM

(R-APP-FAM)

AM — A'M'
(R-ABS-OBJ) A— A Mo M
-ABS-
_ Az:AM — Az A M’
(R-ABS-FAM) A4 BB
-ABS-FA
Az:A.B — Ax:A'.B'
(R-PI-FAM) A-A BB
Nz:A.B — lHz:A'.B'
A-A K- K
(R-PI-KIND)

[Mz:A.K — lIz: A" K'

Table A.3: Parallel Reduction
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reduction relation, —, defined by the rules of Table A.3. The transitive closure of

parallel reduction is denoted by —".
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